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Abstract 

This paper is concerned with the problem of proving asymptotic completeness for a 
class of translation invariant models describing a single quantum particle (the electron) 
linearly coupled to a massive scalar field (bosons) . Our approach, which is based on a re- 
cently established Mourre estimate for these models, yields asymptotic completeness in 
an energy-momentum regime describing scattering of dressed particles and single asymp- 
totic bosons. We impose no number cutoff, no restriction on the particle-field coupling 
strength, and no restriction on the magnitude of total momentum. Energy, however, is 
restricted to be below the threshold for energetic support of incoming/outgoing states 
containing more than one boson. The class of models we consider include the UV-cutoff 
Nelson and polaron models. 



1 Introduction 



In 1987 Sigal and Soffer published their famous paper on asymptotic completeness (AC) of 
many-body non-relativistic quantum systems with short-range forces [52j. It was a crowning 
achievement, solving a long-standing central problem in mathematical physics. The paper 
was followed in 1990 by Graf's more elegant proof [M], and the ideas so effectively used in 
these papers led to a long string of beautiful and far reaching AC results for many-body 
quantum systems in the following two decades. We mention here Derezihski's treatment of 
long-range interactions [TT], the works [H |37j on scattering in constant electric fields, and 
the papers \31\ [53] on scattering in the presence of magnetic fields. The monograph [12j 
covers the fundamental results of fTT\ [34} [52] , while the monograph [32] covers much of the 
work on scattering in magnetic fields. 

With the pioneering works of Hiibner-Spohn |39[l40j and Bach-Prohlich-Sigal [5l|6| in the 
mid 90's, it became apparent that many of the techniques developed to deal with spectral 
and scattering problems for many-body quantum mechanics were in fact also applicable to 
models of quantized matter interacting with second quantized fields, sometimes called non- 
relativistic QFT. These models range from finite level systems interacting with scalar fields, 
e.g. the spin-boson model, to models of atoms and molecules minimally coupled to a second 
quantized Maxwell field. They include models from solid state physics, like the polaron 
model [22j, describing electrons interacting with vibrational modes of crystals, i.e. phonons. 
We recall that acoustic phonons are modelled by massless fields, and optical phonons by 
massive fields. 

In the dipole approximation and for harmonic external potentials some of these models 
are exactly solvable and asymptotic completeness can be verified directly [1]. It was shown 
by Spohn [56] that asymptotic completeness also holds if the external potentials slightly 
deviate from harmonicity. The first proof of AC in non-relativistic QFT beyond the dipole 
approximation was given soon after by Derezihski and Gerard [13] . It covers confined quan- 
tum systems coupled to a massive scalar field with the coupling term linear in the field. 
Confined quantum systems include finite level systems as well as electrons/atoms/molecules 
in external (sufficiently) confining traps. In particular, the massive spin-boson model and a 
confined version of the Nelson model [49] describing a system of quantum particles interact- 
ing with a massive scalar field, are covered by The following years saw AC proved for 
spatially cutoff P{(f))2 models [H], the ultraviolet renormalized massive Nelson model [2], 
and in the work of Derezihski and Gerard was refined to cover more realistic confine- 
ments, like external Coulomb potentials, with AC established in a spectral subspace below 
the ionization threshold where the matter does not scatter. 

After the publication of [23], the field was left with two gaping holes, which we now 
discuss. The latter is addressed by the present paper. 

The results of [21 [T3\ [H] all dealt with (effectively) massive bosons, leaving out for 
example the second quantized Maxwell field and acoustic phonons. The reason being the 
infamous infrared problem, which in the context of scattering theory manifests itself in the 
lack of control of the expectation value of the number operator at large times, i.e. the 
interaction may generate a diverging number of soft bosons as time increases. This issue is 
a lot more severe in scattering theory than in spectral theory. In fact - until very recently 
- only a complete decoupling of the soft bosons made the problem tractable [23]; indeed, 
the decoupling splits the Hamiltonian into a sum of a massive interacting Hamiltonian for 
the hard bosons, and a free massless one for the soft bosons. We refer the reader to [30] 
where AC, for confined massless Nelson models with interacting soft bosons, is proved in a 
spectral subspace constructed precisely such that the number operator is kept under control. 
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Proving AC for massless models of non-relativistic QFT is one of the major open problems 
in mathematical scattering theory today. As alluded to above, some important progress 
was recently made. In late 2011 De Roeck and Kupiainen established asymptotic number 
bounds for the massless spin-boson model in the weak coupling regime p^. At the same 
time Faupin and Sigal were working on proving AC, assuming an asymptotic number bound 
pO] . These two papers were followed by a coup de grace [21] in the summer of 2012, delivered 
by Faupin and Sigal, bridging the gap between [lOj and [20], thus establishing AC for the 
massless spin-boson model in the weak coupling regime. For a discussion of the spectral 
analysis of massless confined models see e.g. [3 [271 [2H1 [Ml [M|- 

Secondly, the results discussed so far only addressed models where the matter part is 
effectively confined. As a stark example of a situation not covered we mention the dynamics 
of a single charged particle moving freely in space, interacting only with a quantized field, 
e.g. radiation (QED models) or phonons (solid state models). In 2004 Frohlich, Griesemer 
and Schlein addressed this problem in the paper [25], which is the work closest to ours in 
intent. In [25] the authors study a single free electron interacting with a scalar massless 
radiation field, with non-interacting soft photons to avoid infrared issues as discussed in 
the preceding paragraph. In addition, the following restrictions are imposed: (1) The 
strength of the electron-field coupling should be sufficiently small. (2) The total momentum 
of the combined system, a conserved quantity, should be below an explicitly given value. 
Understanding the origin of these two restrictions is crucial. The interacting electron is an 
effective particle consisting of the bare electron itself, and a photon cloud, with dynamics 
governed by an effective dispersion relation Sq, which is a function of total momentum ^. 
The restriction (1) ensures that Sq is close to the unperturbed dispersion relation for a non- 
relativistic electron. Due to Cerenkov radiation, the effective dispersion is only expected 
to exist for ^ in a ball around the origin. This is one source for the restriction (2). The 
other, and for us more fundamental, source for (2) is that for ^ sufficiently small, the group 
velocity of the dressed particle is much smaller than the velocity of light thus ensuring that 
the asymptotic photons escape the dressed electron and hence the interaction region. Here, 
as opposed to [23], it is crucial that the authors have kept the massless dispersion relation \ k\ 
for the photons, which ensures that asymptotic photons have momentum independent speed 
equal to 1. An additional crucial spectral consequence of keeping the massless dispersion 
relation, is that at low energies and weak electron- field coupling one has an easy virial 
argument for the non-existence of alternative scattering channels, i.e. excited mass shells. 
In [26] the authors extend the above analysis to a setup where the electron is replaced by a 
hydrogen atom, and an energy localization ensures that the electron is bound to the nucleus, 
while the dynamical atom now plays the role of the electron coupled to a radiation field as 
in [25]. The restrictions imposed and the reasons for them are the same as in [25]. 

This brings us up to date with the literature and we are now ready to explain, in non- 
technical terms, the central contributions of the present paper. The model we consider is 
that of a free quantum particle, e.g. a non-relativistic electron, linearly coupled to a UV- 
cutoff massive scalar field, e.g. longitudinal optical phonons or massive relativistic bosons. 
In particular this covers the translation invariant massive Nelson model [l9] and Frohlich's 
polar on model [22j . 

The isolated energy-momentum spectrum, i.e. the region below the one-boson threshold, 
is under our assumptions an analytic variety. It consists of the ground state mass shell, 
which is non-degenerate for all total momenta, and possibly excited isolated mass shells 
that may cross each other. To each mass shell one can associate a distinct dressed particle 
species. They have different dispersion relations, hence different masses, and some may 
even have group velocity in a direction opposite to momentum (non-increasing dispersion). 
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Incoming and outgoing states are of the form ^ ^ rj, where ^' is a dressed particle state 
(or superpositions thereof) and r/ is a vector in Fock space describing a collection of free 
asymptotic bosons. We note in passing that during a scattering process the outgoing dressed 
particle may differ from the incoming dressed particle i.e. the dressed particle species may 
not be conserved by collisions with bosons. The central objects of our investigation are the 
(conventional) wave operators which map incoming/outgoing states to states in the physical 
Hilbert space. In particular ^ (g) |0), where |0) is the vacuum vector, is mapped into the 
dressed particle state ^. For general t], vectors from the ranges of the wave operators 
describe scattering states of dressed electrons and bosons. As usual, AC is defined as 
unitarity of the wave operators, which means that all states of physical interest belong 
to their ranges. More concisely, the physical state space is identified through the wave 
operator with superpositions of free dressed particle states tensored with free asymptotic 
boson states and the wave operator intertwines the interacting Hamiltonian with a direct 
sum of dressed particle kinetic energies tensored with field energies. We stress that in 
these models the observed bosons are identical to the bare bosons, unlike in models with 
non-trivial quasiparticle content |15] . 

Existence of the wave operators is known for the Nelson model [13], but not for the 
polaron model. In the present paper we construct the wave operators and prove AC under 
rather natural assumptions which cover both the Nelson and polaron case: We employ no 
number cutoff, hence the dressed particles consist of a bare electron accompanied by an 
infinite virtual boson cloud. There are no restrictions on the electron-field coupling strength 
and no limitations on the magnitude of total momentum. The energy is only restricted 
by the (total momentum dependent) two-boson threshold which defines the largest spectral 
subspace on which only single-boson scattering processes take place. Above this threshold, 
we are not - yet - able to handle the plethora of scattering channels available. 

The main result of the present paper, described above in general terms, was proven 
after a rather extensive investigation involving several test cases. The first test case was 
published recently in [33j, where one of us together with C. Gerard and M. G. Rasmussen 
considered the same model but restricted by a cutoff in boson number to the vacuum and 
one-particle sectors. This has the effect of removing the need for an energy restriction, 
since by design interacting states can hold at most one boson. In addition, incoming and 
outgoing scattering states consist of tensor products of bare electron states and single free 
boson states. In particular, the model considered in |33j has only one scattering channel. 
In this situation AC is obtained by an immediate extension of the geometric method used 
in [13], which in fact can be traced back to the paper of Graf [34]. It relies on using certain 
phase space propagation estimates to prove a geometric AC statement, which together with 
a minimal velocity estimate can be turned into AC for the wave operators. 

The same strategy was employed in our second test case, which is the polaron model 
with a short-range condition excluding the physical infrared behaviour of the interaction. 
The proof of AC in this case, which preceded the present argument, will be published in a 
separate paper by the present authors and M. G. Rasmussen. This proof relies on two main 
ingredients: The first ingredient is a novel phase-space propagation estimate involving the 
dispersion relations of the dressed particles. The second ingredient is a minimal velocity 
estimate, relying on recent advances in Mourre theory by one of us and M. G. Rasmussen 
|47j . which will be outlined in Subsection 12. 3[ One advantage of this earlier Graf-type 
argument is that it gives a clear geometric picture of the polaron-phonon scattering, with 
a visible role of the dispersion relations of the dressed particles. However, our proof of 
this new variant of the phase-space propagation estimate relies heavily on the short-range 
condition and appears to be very sensitive to the structure of the isolated spectrum, in 



3 



particular to the presence of level crossings. Due to this latter fact, only the constant bare 
dispersion relation of phonons can be handled along these lines if the dimension of space 
is larger than one. In the present paper we overcome this difficulty with the help of a new 
approach, which uses only minimal velocity propagation estimates and is more in the spirit 
of the ground-breaking work of Sigal and Soffer [52] , than that of Graf [3l] . 

To explain the main new ideas of the present paper we recall several standard concepts, 
which will be defined precisely in Section [2] and Appendix lAl We use the F- functor notation 
of Segal for constructions of spaces and operators in the context of second quantization. 
The Hilbert spaces of incoming and outgoing configurations are given by 'H± := "Hbnd <^ J^-, 
where Hhnd contains the dressed electron states and F is the bosonic Fock space over the 
single-boson space f). The extended Hamiltonian and momentum operators are defined as 

//^^ := 1 + 1 dr(a;) and P""" := P I + dV {k) , (1.1) 

where uj is the dispersion relation of the bosons and (P, H) denote the total energy-momentum 
operators of our system. We recall that H acts on ?^bnd as a direct sum of multiplication 
operators, one for each dressed particle species. For any pair of bounded operators qo,Qoo 
on f) we define the map r(g0)9oo)*i from a domain in Ti± to H, by the relation: 

f (go,goo)*(* » a*(/ii) . . . a*(/i„)|0)) = a*{qoohi) . . . a* {qoohn)r{qo)^ . (1.2) 

The goal of our investigation is to establish the existence and unitarity of the wave operators 

0± = s- lim e^*^f(l,l)*e-^*^", (1.3) 

t— >±oo 

below the two-boson threshold (in the joint spectrum of {H^^, P^^)). For reasons which will 
become clear below, we divide this region of spectrum into small subsets O C x M. For 
each O we construct a localized right inverse of on the corresponding spectral subspace 
of (P, H) . As noted in [13] , a natural candidate has the form 

W^* = s- hm e^^^^^f (g* , ql)e-''^ (1.4) 

where Qq, are some time-dependent families of operators s.t. qQ + q^^ = 1 so that one 
can exploit the relation r(l, l)*r(gQ, (7^) = 1. Important difference between our approach 
and previous work on asymptotic completeness in QFT consists in the construction of the 
operators ^qi^L- 

Before we explain this construction, we recall that the Hamiltonian H has a direct 
integral decomposition into fiber Hamiltonians H{S^) at fixed momentum ^. As shown in 
|47] . and stated precisely in Theorem 12.21 below, if O is sufficiently small (and localized 
outside of some sets of measure zero) we can choose (■^Oj-^o) G O, a neighbourhood of 
Ao, and Cm > s.t. 

lj,{H{mH{0,dria^o)nj,{H{0) > c^lj,{H{0). (1.5) 

The estimate holds true for S, belonging to a small neighbourhood of .^O) such that the 
Cartesian product of this neighbourhood with contains O. The operator has the 
form ^ 

Ho = 2{'^io-''^^k + '-^^k-vs^^], (1.6) 

where iVfc is the boson position operator and is a vector field in momentum space, which 
carries information about the dispersion relations of incoming/outgoing dressed particles 
present in the energy- momentum region O. Now we set 

Qo ■= Qo{aio/t) and := 9oo(aCoA), (1-7) 
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where qo, Qoo are smooth approximate characteristic functions of (— oo, cq], [cq, oo), cq > is 
much smaher than Cm, and qo + Qoo = 1. With such a choice of Qq, g^, closely tied to Mourre 
theory, strong convergence in (jl.4p can be established using the Mourre estimate ()1.5p (and 
its extended variant stated in Theorem [22]) • We note that this convergence result holds only 
in the spectral subspace of O. Indeed, only in this subspace estimate (jl.Sp holds with the 
operator a^g, which entered into the definitions (II. 7p . The fact that Wq* has to be defined 
for each region O separately is, however, not an obstacle, since we use this operator only as 
a tool to show the existence and unitarity of the wave operators Q^, which do not contain 
any information about the (non-canonical) operators a^g. 

As this argument does not rely on the phase-space propagation estimate, which is prob- 
lematic in the presence of level crossings, we can handle a large class of electron and boson 
dispersion relations. Moreover, due to the fact that v^^ can be chosen to vanish for small 
momenta, we can cover the infrared-singular physical coupling of the polaron model. In 
addition, no smallness conditions on the coupling strength are involved. Thus, similarly to 
the classical results on asymptotic completeness in quantum mechanics |1H [Ml [52] , our re- 
sult applies to a very large class of models which contains experimentally realizable physical 
systems (e.g. the polaron). 

Going beyond the two-boson threshold for the models studied here will be a difficult 
task requiring more involved constructions of propagation observables, due to the more 
complicated channel structure. While we do have some ideas as to how to proceed, there are 
technical obstructions requiring new insights to overcome. Another promising direction of 
future research concerns the spectral and scattering theory of many-body dispersive systems. 
The methods developed in this paper, combined with those of j47j . can be viewed from a 
broader perspective as a general strategy to deal with such systems. We hope - in fact expect 
- that one can study many body Schrodinger operators, with relativistic kinetic energy, 
as well as spin-wave scattering, i.e. the magnon model, with the aid of the techniques 
developed here. See [291 133 [57], where both of these long-standing open problems are 
discussed. Finally, we would like to point out that collision theory of dispersive systems is 
an important intermediate step towards the problem of asymptotic completeness in local 
relativistic quantum field theories, as for example the P{4>)2 models. This observation 
has recently been exploited in [18] to show the existence of certain asymptotic observables 
in these models. Thus an application of the methods of the present paper in the local 
relativistic setting is another promising - and tractable ~ research direction. We recall that 
partial results on asymptotic completeness in P(0)2 models can be found in [H [53]. For 
recent progress on relativistic scattering theory we refer to jl61 [TT] W2\ . 

This paper is organized as follows: In Section [2] we define the class of models under 
study, summarize the known facts concerning their spectrum, including Mourre theory, and 
state the main results of this paper. In Section [3] we derive convenient representations for 
the Heisenberg derivatives of certain propagation observables which are then combined with 
Mourre estimates in Section [3] to derive minimal velocity propagation estimates. These 
propagation estimates are the key input to the proofs of existence of the relevant asymp- 
totic observables in Section \5\ including the localized inverses of the wave operators of the 
form (II. 4p . In Section [6] we establish properties of these operators which are then used in 
Section [7] to prove the existence and unitarity of the (conventional) wave operators (|1.3p . 
More technical steps of our investigation are postponed to appendices. 

Acknowledgment: The authors thank Jan Derezihski, Christian Gerard, and Morten 
Grud Rasmussen for useful discussions we had during the course of this work. We acknowl- 
edge financial support of the Danish Council for Independent Research grant no. 09-065927 
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ematics, Bonn. Moreover, W.D. is grateful for the support of the Lundbeck Foundation 
and the German Research Foundation (DFG), the latter within the grant SP181/25~2 and 
stipend DY107/1-1. 

2 Preliminaries and Results 
2.1 Hamiltonian 

Let K, = L^(Rp be the Hilbert space of a quantum mechanical particle moving in W , whose 
position is denoted by y and momentum by Dy := — iVy. Let f) = L^(M^) be the Hilbert 
space of a single boson, whose dispersion relation will be denoted ijj{k). The Hilbert space 
for the Bose field is the Fock space 

oo 

-^ = r(t}) = 0-FW, (2.1) 

ra=0 

where J^^") = r("')([)) = is the symmetric tensor product of the single-boson spaces and 
the vacuum vector will be denoted by |0). The boson creation and annihilation operators 
are denoted by a*{k), a{k) and satisfy the canonical commutation relations [a{k),a*{k')] = 
5{k — k') and [a{k),a{k')] = [a*{k),a*{k')\ = 0. The total energy and momentum operators 
of the bosons are given by 

Fph := dr(a;) = /" dkoj{k)a*{k)a{k), (2.2) 

Pph := dr(A;) = /" dkka*{k)a{k). (2.3) 

The Hilbert space of the system consisting of the electron and the bosons \s % = IC ® J-. 
The dynamics is governed by the Hamiltonian 

H = ^{Dy)(^l + l®H^^ + (i){Gy), (2.4) 

where the interaction term is given by 

(j){Gy):= I dk{e-'^yG{k)l®a*{k)+e'^yG{k)l®a{k)). (2.5) 

Under the minimal conditions on il, a; and G, specified below following [U], this Hamiltonian 
is essentially self-adjoint on G^{W)®C, where C := TdniG^iR")) is defined in Appendix|Al 

Condition 1. (Minimal Conditions). There exists sq G [0,2] and C > s.t. the 

dispersion relation u and the coupling function G satisfy: 

(MCI) oj G C(M^), n E G^iR"), {kfG G L'^{W), where (fc) = \/PTT. 

(MC2) m := inffcgM^ oj{k) > 0. 

(MC3) VA; G W we have uj{k) < G{k), n{k) > C-^{kY^ - C. 

(MC4) \d'^n{k)\ < C(A:)""-I"I, for all multiindices a with < |q| < 2. 

(MC5) yki,k2 G we have uj{ki + ^2) < uj{ki) + uj{k2). 
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(MC6) Either lim\^^^uj{k) = oo or: sup j. ^^^^ uj{k) < oo and lim\^^^Q{k) = oo. 



We note that (MCI) is stronger than in [47] . 



We recah that the Hamiltonian (j2.4p commutes with the total momentum operators 
given by 

P = Dy 01 + 10 Ppi,, (2.6) 

thus it has a fiber decomposition. More precisely, using the unitary transform of Lee-Low- 
Pines [33] 

lLLp:={F0l)or{e'^-y), (2.7) 

where F is the Fourier transform in the electron position variable and T the second quanti- 
zation functor (cf. Appendix |Aj), we obtain 



/llp^/£lp= / d^HiO. (2.8) 
The fiber Hamiltonians have the form 

F(e) = f](e-Pph) + ^ph + <^(G), (2.9) 

where 4>{G) := (l){Gy)\y=o, and are essentially self-adjoint on C. The joint spectrum of the 
family of commuting self-adjoint operators (P, H) is given by 

S = {(e,A)GM'^+i|AGa(F(e))}. (2.10) 

It can be decomposed into the pure-point, absolutely continuous and singular continuous 
parts 

S = Spp U Sac U (2.11) 

defined as Sj = { (^,A) G M'^ x M | A G (7i(ff(^))}, where i £ {pp,ac,sc}. We denote the 
bottom of the spectrum of the fiber Hamiltonians by 

So(0 := inf a{H{0) (2.12) 

and the bottom of the spectrum of the full operator by Sq := inf^giRi^ So(C). Moreover, we 
introduce 

n n 

S(")(C, fc) := So(e - + (2-13) 

and define the n-boson thresholds 

4")(e):=,inf„So(e,A:). (2.14) 

By the HVZ Theorem [Ml H 

aess(i?(0)= [4'^(e),oo). (2.15) 
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and below Sq^^ (^) the spectrum consists of locally finitely many eigenvalues of finite multi- 



plicity, which can only accumulate at Sg^^(^). Due to the subadditivity assumption (MC2) 
on w, we have 

4"^(6>4"^(0 (2.16) 

for any n > m. The inequality is strict if lim^i^^^^uj{k) = oo. If M = sup^gj^i/ uj{k) < oo, 
then the inequality is also strict if 2 liminf u}{k) > M, which is satisfied by the constant 
polaron relation [36]. In these cases the region £^^\ where 

£:W = {(e,A)GM'^+i|AG£:«(e)}, 

£:«(e) = {AGM|sW(0<A<4')(0}, 

is non-empty. 

2.2 Extended Hamiltonian 

The formalism of extended Hilbert space, which we present in this section and in Ap- 
pendix IA.21 was introduced in [13j and used later on in [21 HU [24l HSl |46] in the context 
of spectral and scattering theory. Let us define the extended Fock space and the extended 
physical Hilbert space as follows 

oo oo 

jTe^ = :rcsT = T(B (0-^®-^^'^) --^e (0L2y^(M'";-F)), (2.18) 
e=i e=i 

oo 

n^"" = n^T = n® (^^n^T^^^y (2.19) 

£=1 

where we made use of the identification ~ Ll^^iM.^^] F). The extended Hamiltonian 

and extended total momentum operators are given by 



i/^^ = i/ 1 + 1 dr(a;) = F © (^0 H^^^y (2.20) 

£=1 

00 

= P 1 + 1 dr(A;) = P © (0 pW) . (2.21) 



1=1 



Here 



= F© 1 + 1 (g)drW(u;), PW = P©l + l©drW(/c). (2.22) 

The operators {H^^^P"^^) are essentially self-adjoint on C^{W) © C^"", where C^"" := C © 
C. Similarly, (i?W,pW) are essentially self-adjoint on C^{W) ©C^, where C(^) := C ® 
C^{W)'^-'^. Since (i?<'^,P<^^) as weh as (pW,ijW), for £ e N, form commuting families of 
self-adjoint operators, we can introduce their joint spectral resolutions E^^{ ■ ) and E^^\ ■ ). 
We use extended Lee-Low-Pines transformations to perform fiber decompositions of H^^ 
and -ff*^^) w.r.t. the total momentum. They have the form 



/Eip := (P © 1) o T^-{^^-y) = /LLP © (0 /Sp) > (2-23) 

=1 
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where F is the Fourier transform in the electron position variable, r''^(e''^'^) is defined as 



explained in Section 1.2 of [47j and ^llp (-^llp)|'H®J'*- There holds 



Tjex rex* 
^ - ^LLP I 



.( rdCH^^C))lllp, H('^ = rdeFW(0)lg!p. (2.24) 

The fiber Hamiltonians H°^(^) are essentially self-adjoint on and have the form 

i/<=-(e) = n{c - dr^{k)) + dr^iu) + (Pic) ® i, (2.25) 

where dr'^^( • ) is defined in Appendix IA.2I The extended fiber Hamiltonians H'^^{S^) can be 
decomposed just as for H'^^, cf. (j2.20p . and we get as expected 



H--(0 = H{0(b(^H('HO)- (2.26) 



i=i 



Since there is no interaction in the second tensor component of H^^\S^), which is simply a 
multiplication operator, we can decompose further into a direct integral over momenta from 

H^^\i)= r dkH^^\^,k), (2.27) 

JR'^'^ 

I I 

H^'\i-A) = m-Y. + (E^(^j))l- (2.28) 

3=1 3=1 

In our investigation we will often make use of the following simple fact: 

Lemma 2.1. Let — >■ M he a hounded Borel function, with essential support in the set 
(-oo,s[)"^(^)). Then 

n-l 

X(^^^(0) = x{Hm © {^xiH^'HO))- (2.29) 

1=1 

Proof. Let i > n. We recall that 

I I 

l^t\i)= inf (So(e-E%) + ^^^.(A;,)). (^.30) 
feeR*" N — ■ — ■ / 

3=1 3=1 

Consequently, 

R^'\i) = r dk {H{i - kj) + (E^(%))1) > 4'^(01- (2-31) 

Since > Tj^\^), and x is supported below Sq"^(^), only the first n — 1 terms of the 

expansion 

oo 

X(^^^(0) = X{H{0) © {^xiH^'HO)) (2.32) 

i=i 

are non-zero. □ 



2.3 Structure of the spectrum 



To continue our discussion of the spectrum of H we need more restrictive assumptions. 
Following [47], we state: 



Condition 2. (Spectral Theory). We impose: 
(STl) and u are real analytic functions. 

(ST2) G admits 2 distributional derivatives with d'^G € Lf^^(M^\{0}), for all 1 < |a| < 2. 

(ST3) For all orthogonal matrices O G O(i^) and all k & M'^ we have Lo{Ok) = uj{k), 
Q{Ok) = Q{k), and G{Ok) = G{k) almost everywhere. 

(ST4) supfcgK- \dt^{k)\ < oo for ah \a\ > 1 and \d^n{k)\ < C/3(fc)*"-l^l for > 2. 
Sfi G [0,2] appeared in Condition [TJ 



We note that (ST2) coincides with the corresponding condition from ^47J for no = 2. 



(ST4) is stronger than in |47j . 



Making use of Kato's analytic perturbation theory ^4Ij we obtain a description of the 
isolated part of the spectrum (cf. (|2.15p above): 

Siso = {(e,i?)GS|i?<4'^(0}. (2.33) 

This spectrum consists of analytic mass shells and level crossings. The set of level crossings 
is defined as 

A':={(e,^)GSiso|VneN: Ei^o n ^)) is not a graph }. (2.34) 

The connected components of X are S"^~^-spheres. They have the form dB{0;R) x {E}, 
or, in the degenerate case, {0} x {E}. They can accumulate either at infinity or at the 
bottom of the essential spectrum. The level crossings are connected in Xjjgo hy shells which 
are real-analytic manifolds. Each shell is a pair {A, S), where A = {S, € \ r < < R}, 
< r < i?, is an open annulus or an open ball centred at zero. The function 5: .4 — t- M is 
real analytic and rotation invariant. 

The structure of the continuous spectrum in cf. (I2.17p . was studied in with the 
help of Mourre theory. As these results are very relevant for the present investigation we 
summarize them here. For any ^ G M*^ the conjugate operator has the form = dr(a^), 
where 

= ■ i^fc ■ ^?}' (2-35) 

and G Co°(M'^\{0}; M'^) is a suitable vector field constructed in [37]. It is easily seen that 
is essentially self-adjoint on G^{M'^) and A^ is essentially self-adjoint on C In {47] one 
can find a construction of the threshold sets 7~''^^(^) C M, ^ G W^, which carry information 
about the structure of the isolated spectrum, and exceptional sets 

Exc(0 = (0, ^^(0)) + Si,o(e), C G M^ (2.36) 

which account for a possible singularity of the coupling function G at zero. (We recall that 
in [47) . formula (1.35), Exc(.^) was defined to be empty for G regular at zero. Here it is 
always given by (I2.36P ). The main result of [47] can be summarized as follows: 
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Theorem 2.2. J^7|/ Assume Conditions\^and\^ Let ^ G M'^ unless stated otherwise. Then 
the following properties hold true: 



(a) The sets £^^\^) n 7'^^^(^) and £^^\C) ^ Exc(^) are locally finite with possible 
lation points only at Sq {C). 



accumu- 



(b) All eigenvalues in app{H{0) n <?^^H0\('7'^^H0 U Exc(O) have finite multiplicity. 

(c) The set app{H{^)) r]£^^\(,) is at most countable, with accumulation points at most in 

r«(e)uExc(e)u{4')(0}. 

(d) Let (eo, Ao) G be s.t. Aq G £^^HCo)\{T^'\Co) U Exc(eo) U appiH{Co)). Then there 
exist a neighbourhood Nq of £,o, a neighbourhood Jq of Xq, and a constant Cm > s.t. 
for any £ Nq: 

lj,{H{mH{0,A^onJoiH{0) > Cralj.iHiO), (2.37) 
U(i/W(0)i[i^(^)(0,l»«&]U(^^'nO)>c.nljo(i^^'^(0)- (2.38) 

(e) The fiber Hamiltonians have no singular continuous spectrum below the two-boson 
threshold: 

asc{H{^)) n (-00, S;,')(0) = 0. (2.39) 

2.4 Results 

We begin by introducing some notation. First of all, the space of bound states ^bnd of the 
system is the closure of the span of all states of the form /llp J where M'^ 9 ^ — )■ ^'^ 

is compactly supported, measurable and is an eigenvector for H{^) for a.e. Expressed 
concisely in terms of the joint spectral resolution E for the vector of commuting operators 
(P, H) this amounts to 

T^bnd = E{T.pp)-H. (2.40) 

Incoming scattering states prepared at t = — oo, as well as outgoing scattering states at 
t — )• +00, consist of a superposition of interacting dressed particles and a collection of free 
bosons. That is, the incoming and outgoing spaces are 

^±=^bnd»-^. (2.41) 

The asymptotic dynamics on incoming and outgoing spaces are generated by the restriction 
of to T-L±. In the light of our discussion in the preceding two subsections, H?^ is a 

I 'Hj- 

direct sum of operators of the form 

di / dkS{i-ki A:,)+a.(A:i) + ...+^(fc,))/[2p, (2.42) 

where ^ G No and (.4, S) are shells in Sjso. Moreover, it is an easy consequence of the 
HVZ theorem, cf. |461 Theorem 2.1], that {P,H) and {P^^,H°^)^y^^ have identical energy- 
momentum spectra. 

Let us recall that the asymptotic creation operators of bosons are usually defined as 
follows: 

aUh)^:= lim e^*^a*(e-"^*/i)e-'*-^^, (2.43) 

t— >±oo 
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where h £ i) and ^ belongs to the dense domain D of vectors of bounded energy (i.e. 
T> := Ui<'cM''+i ^SinE{K), where the union extends over ah compact sets). It is well known 
|38] and easy to see that the limit exists in the case of the massive Nelson model (i.e. 
G G S'(M'') and uj{k) = + rn'^, where m > 0). As a consequence, in this case there exist 
mappings defined on G P ® rfin([}) by 

n^^' = lim e'*^f(l,l)*e-'*^"^'', (2.44) 

where the scattering identification map r(l,l)* is defined in (jl.2p and in Appendix IA.2I 
The restrictions of to 'H±, denoted by Q^, are usually called the (conventional) wave 
operators. They were introduced first in [30]. The associated (conventional) scattering 
operator S: %- — )■ 7^+ is then given by 5 = (0~)*Q+. Observe that restricted to the 
subspace Hhnd (X" C C ?^±, the wave operators trivially exist and act as injections 

V^-GT^bnd: fl^(*«)|0)) =^'. (2.45) 

To serve as an acceptable wave operator, il^ should be isometric. At small coupling 
strength such a result seems to be within reach of methods present in the literature |25] |3] . 
However, at arbitrary couplings, in the possible presence of eigenvalues embedded in the 
continuous spectrum, nothing is known to date about this problem. Not to speak of the 
problem of asymptotic completeness in the massive Nelson model, which is the question of 
isometry of the adjoints of the wave operators. 

We note that in the case of the polaron model (i.e. G = G{k)/\k\^ G G S'(M) and 
ijj[k) = m, where m > 0), which is also covered by our assumptions, problems start already 
at the level of existence of the wave operators. Since the boson dispersion relation gives 
only a phase factor, it might even seem that the wave operators (j2.44p do not exist! 

It turns out that the situation is much better than outlined above, at least in the energy- 
momentum regime below the two-boson threshold i.e. in the region TZ := {(^, A) G IR'^+^ | A < 

(2) 

Sq (^)}. Indeed, in this region our main result resolves all the problems mentioned in the 
two paragraphs above: 

Theorem 2.3. Assume Conditions ll\ and The wave operators il^: E^^{TZ)'H± — )■ H 
exists in the sense of the strong limits 

nt-=s- lim e**-^f(l,l)*e-^*^", (2.46) 

where f (1, 1) is defined in Appendix \A.^ The operators are unitary as maps from 
E''''{n)'H± to E{Ti)n. More precisely: 

n^*n^ = E^''{TZ)\n^ and Q^Q^* = E{TZ). (2.47) 

Finally, the scattering operator S-jz = E^^{Tl)'H^ — )• E^^{Tl)'H^ is unitary. 

In the energy-momentum regime TZ, scattering only happens between bound states asso- 
ciated to the isolated part Sjso of Spp. For this reason a special role is played by the bound 
states pertaining to isolated mass shells, for which we use the notation 

-Hiso = E{^i,a)n. (2.48) 

Let us introduce the terminology that a state ^ G ^bnd and a smearing function /i G f) 
are 7^-compatible if there exists a Borel set S C x M such that ^ G £'(5)?^bnd and 
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{{S, + k,E + uj{k)) I {(,,E) £ S,k £ supp/i} C TZ. By supp/i, we understand /I's essential 
support. Note that by energy- momentum considerations we can always choose S C Sjso, 
such that in fact £ ^iso- 

With the terminology just introduced, E'^^{1Z)'H± is the direct sum of states of the form 
(8" |0), with ^ G E(Tl)'H]jnd, and states from the closure of the span of states of the form 
^ (S" a*{h)\0), where ^ G Hiso and h are 7^-compatible. See Lemma iM.ip for a proof. 

For any ^ G "^^iso and h £ I) which are 7^-compatible we define the corresponding 
scattering state as follows 

a;(/i)^ := Jl+(^'0a*(/i)|O)). (2.49) 
Theorem 12.31 has the following corollary: 

Corollary 2.4. Let a*^{h)^, a!j_(/i')^' be scattering states and ^" G E{TZ)'Hhnd- There hold 
the following properties: 

(a) Tensor product structure: 

{aX{h)^,al{h')^') = {h,h'){^,^') and {al{h)^ ,'^") = 0. (2.50) 



(b) Asymptotic completeness: 



E{n)n = Span{a;(/i)^', ^" \ h are 7^-compatible, ^" £ E{n)ni,nd} ■ (2.51) 

Note that for the particular case of the polaron model, the notion of ^ and h being 
7^-compatible is completely trivial. Here TZ = {{^,E) £ W^^^ \ E < T,q + 2m}, where m is 



the phonon mass, cf. (MC2) , and Sq is the bottom of the spectrum of H. That is, TZ is just 
a half-space. Being 7^-compatible thus reduces to ^' G E(R.'^ x (— oo, Sq + m))7ihnd = 'Wiso, 
with no condition on h. Hence, in this the polaron case we have: 



E{TZ)n = Span{al{h)^,^" \ ^ £ Ui^o^h £ and W £ ^(7^)?^bnd}• (2.52) 



3 Heisenberg derivatives 

As usual in investigations of the problem of asymptotic completeness, we are interested in 
the existence of asymptotic observables, which are strong limits as t — )• oo of time dependent 
families of observables of the form 

M9t^e'*^(«)$(t)e-"^(«), (3.1) 

where the propagation observable M 9 t — )• <l>(t) G B{T) is uniformly bounded in time. Since 
we are going to proceed via Cook's method, we are interested in the Heisenberg derivatives 
of propagation observables, defined a priori in the sense of forms on D{H{^)) as 

J^m = dtm + 'AH{i)Mt)\- (3.2) 

In Propositions 13.3 1 and 13.41 below we will express such derivatives by Heisenberg derivatives 
of some propagation observables M 9 t — )■ ^'^'^\t) £ B{F ® J'^^^), given by 

Yi^^)^(.^)(t)=dM^\t) + \.[H^^\e),^^^\t)]. (3.3) 

Before we state and prove these propositions, which provide the technical basis for our 
investigation, we need the following definition: 
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Definition 3.1. Let jo, Joe e be s.t. j'^J'^ G C^W, < jojoo < 1, jo = 1 in a 

neighbourhood of zero. We set Jq := jo{a/t), := joo(a/i)i ^^^^ := (ioijD a map 
{) ^ f) e {) defined by := {f^hjl^h). 

Remark 3.2. In Section [3] and in Appendices [CllHl a := ^{v • iVfc + iV^ • w}, where v G 
Cq°(M''\{0}; M*^) is an arbitrary vector field. Unless stated otherwise, in the remaining part 
of the paper a := a^g = ^{^Co ' i^fe + " ^^^o} observable appearing in Theorem 12.21 

associated with some neighbourhoods Nq and J'q. 

Proposition 3.3. Let ^ £ W and x S C^(M)r be supported in (-oo, Let q e 

C°°(M)k be s.t. suppg and q' G Cq°(M) (in particular q is bounded). Let jo,joo be as 
specified in Definition \3.1\ and s.t. j'q + = 1. Then 

D(xdr(g*)x) = r(i*)D(xdr(g*)x)r(i*) 

+ f «(/)*x(')d«(1 (Z*)x^'^f «(/) + 0(t-2), (3.4) 

where we set x ■=Jf{H{(,)), X^^^ ■= xiH^^\S,)) and q^ := q{a/t). Moreover, for suppjo Pi 
supp q = % we hav^ 

V{j^)x^dT{q')xnj^) = 0{t-'). (3.5) 

Proof. We write j := j*, q := q^. The Heisenberg derivative of the asymptotic observable 
^{t) ■= Xdr(g)x is given by 

= xdT{dtq)x + ix[H{0,dT{q)]x. (3.6) 

We consider the first term on the r.h.s. above: 

Xdmq)x = f (jrx'=W-(5tg)x'^^f (i) + 0{t-^), (3.7) 

where we applied Proposition IG.2I and Lemma lD.3t and set x*^^ ■= We use the 

decomposition (|2.26p of H'^^{S,) and, by Lemma [2711 it suffices to consider the terms i = 
and i = 1. The i = term has the following form 

f (0)(j)*^(0)dr(0)(5ig)x(°)f (°)(j) = rijo)xdmQ)xnjo). (3.8) 

If jo is supported outside of the support of q, this contribution is of order 0{t~'^) by Propo- 
sition [GTj Otherwise it contributes to the first term on the r.h.s. of ()3.4p . 
The £ = 1 term has the form 

rW(jy^w^dr{dtq) ^ i + 1 ® {dtq))x^''^r^'Hj)- (3.9) 

By Corollary IG.41 we obtain 

t^'HjTx^'KdTidtq) l)x^'^f «(i) = 0(t-2). (3.10) 

So we are left with 

r^'Hjrx^'Ki^dtq)x^'^r^'Hj), (3.11) 

which contributes to the expression on the r.h.s. of (|3.4p . 

^One can weaken this assumption to suppj'o n suppg' = at a cost of additional complications in 
Appendixini This is, however, not needed in the following. 
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Now we proceed to the second term on the r.h.s. of ()3.6p . From Proposition \G.5\ we 
obtain 

x[i/(0,dr(g)]x = f(jrx^"[^'="(0,dr-(g)]x<=^f(i) + or'). (3.12) 

Making use of the decomposition (|2.26p . we get 

00 

f(i)*x'=^[//-(e),dr-(g)]x'=^f(j)=f(i)*(0x(')[/?(')(O,drW(9)]x^'^)f (3.13) 

By Lemma I2.H it suffices to consider i = and i = 1 terms: The i = contribution is the 
following: 

f(0)(j)*^(0)[^(0)(^)^drW(g)]x(°)f = r(io)x[^(0,dr(g)]xr(io). (3.14) 

If jo is supported outside of the support of q, this contribution is of order 0(t~^) by Propo- 
sition EUl Otherwise it contributes to the first term on the r.h.s. of p.4p . 
Let us now consider the contribution with i = 1: 

f(i)(j)*;^(i)[if(i)(^),drW(g)]x«f«(j)- (3.15) 
We recah that dr(^)(g) = dT{q) 1 + 1(g) q and obtain 

f(i)(,)*x«[i/(^)(0,drW(,)]xWf«(j-) 

= t('\jrx^'^[H^'\0,dr{q) l]x(')f«(j) +f«(i)*x^'^[i^^'He),l »g]x(')f«(j). 

(3.16) 

The first term on the r.h.s. above is of order 0(t~^) by Lemma IG.6[ The second term 
contributes to the expression from the statement of the proposition. 
Thus, together with (j3.1ip . we get 

DcD(t) = r(jo)D$(i)r(jo) 

+ T^'KjTx^'^ (1 ^ dtq + ilH'-^HO, 1 ® q])x^'^r(^\j) + 0(t-2), (3.17) 

and the first term on the r.h.s. contributes to 0(t^^) for jo supported outside of the support 
of q. This concludes the proof. □ 

Proposition 3.4. Let ^ £ W and x G ^^(1^)18 be supported in (-oo, s[,^^(^)). Let q £ 
C°°(M) be s.t. q' £ Cq°(M), 0<q<l, q = lona neighbourhood A of zero. Let jQ,joo be 
as specified in Definition \3.1l s.t. jg = 1 and Jq is supported in A. Then 

xDr(g*)x = t('HfrX^'HT{q') ® 1)D«(1 q')x^'^t('\f) + 0{t-^), (3.18) 

where we set x ■= xiH{(,)), x^^^ '■= x{H^^\C)) ^iT-d <?* := Qio-ft). Consequently, 

xDr(g*)x = «(/)*x^'^Ci(l » (9')*)x^'^f (!)(/) + 0{t-^), (3.19) 

where {Ct}teR is a family of bounded operators on F ® J-^^^ which satisfies 

Ct{N + 1) = 0(1) and [Ct,l ^ p'] = 0{t'^), (3.20) 
for any p G C°°(M)r with p' G C(f (M). 
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Proof. We set q := g*, j := j* and compute the Heisenberg derivative: 

xDr(g)x = x{dr{q,dtq)+i[H{0,T{Q)])X- (3.21) 

Making use of Proposition IH.21 we obtain 

XdTiq, dtq)x = f (j)* X^^Mr^Cg, 5i<?)x^^f (i) + ©(t"'), (3.22) 

where we set •= x(^'^^(0) dr'^^(-, •) is defined by formula (jA.lSp . Inserting 
decomposition (|2.26p of H^^{^), we get 

oo 

f (jrx^Mr-((/,at(z)x^^f (i) = f (jT (0x(')drW(g,at(z)x('))f (i). (3.23) 

By Lemma I2.H it suffices to consider i = and i = 1 terms. For i = 0, we get 

T{jo)xdT{q, dtq)xnjo) = 0{r^) (3.24) 
by Proposition IH.li The H. = \ term is given by 

f^^\jrX^^\dT{q, dtq) q + T{q) ® dtq)x^^^f^^K3)- (3.25) 
We note that, by Corollary \GA\ 

f^^\jyX^^\dT{q,dtq)®q)x^^^f^'\j) = 0{t-^). (3.26) 

So we are left with 

r^'\jrx^'Hnq)^dtq)x^'^r('Hj), (3.27) 

which contributes to the r.h.s. of (j3.18p . Next, we choose x ^ Co°(IK)r s.t. XX = X and 
make use of Lemma IG.3I to write 

r^'\jrX^'HnQ)^dtq)x^^^t^'\j) 

= t^'Hjrx^'HTiq) q)x«(1 q')x^'^t^'\j) + 0{r% (3.28) 

where q = —{a/t)f{a/t), f £ C^(M) is equal to one on the support of q' and vanishes 
outside of a slightly larger set. The operator Ci^t '■= (^(q) <^ q)x^^^ is the first contribution 
to Ct appearing in ()3.19p . It is obvious that Ci^t satisfies the first property in ()3.20p . and 
the second property in (I3.20p follows from Lemma IG. 31 

Let us now consider the second contribution to the Heisenberg derivative. From Propo- 
sitioning] we obtain 

x[^(e),r(g)]x = f(i)*x°^[^^^(e),r'=^(5)]x'=^f(j) + o(t-2). (3.29) 

By inserting the decomposition (I2.26p . we get: 

00 

f(jrx^^[^^'^(e),r^^(g)]x^''f(j) = f(jr(0x(')[^(')(O,rW(<z)]x('))f(i). (3.30) 

As before, it is enough to consider i = and i = 1 terms. As for the i = term, 

r(io)x[^(0, r((/)]xr(io) = oir^), (3.31) 
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by Proposition IH.li The i = 1 term is given by 

+ r^'HjTx^'Hnq) ^ m^'HO, i » ^Ix^'^f (3.32) 

The first term on the r.h.s. above is 0(t~^) by Proposition IH.3I and the second term 
contributes to (|3.18|) . This concludes the proof of (j3.18p . 

Let us now complete the proof of (|3.19p : First, we note that by Proposition IF.2I 

[HW(^),l^q]^W=0{t-'). (3.33) 

Making use of this fact and of Lemma IF. 61 we can write 

r^'Hjyx^'^x^'Hm i)[/7«(e), i ® gix^'^f «(j) 

= f «(jrx^')(r(g) ^ l)x^'^[H^'HO, 1 ® 'Zlx^'^f «(i) + 0(t-2). (3.34) 
Next, we note that by Proposition ILII 

x^'h[H('KO, 1 q]x^'^ = jx^'^cii iq'Y)x^'^ + o{r^) 

= ]x^'^Cx^'Hl ® iq'Y)x^'^ + 0(t"2), (3.35) 

where C is a bounded operator on ^ J^^^\ which satisfies [C, 1 (8) p*] = 0{t~^) for any 
p G C°°(M)m s.t. p' e Co°(M) and in the second step in (j3.35p we made use of Lemma \G~3i 
The second contribution to Ct is thus given by 

C2,f-=(r{q)0l)x^'^Cx^^l (3.36) 

Again, it is obvious that C2^t satisfies the first property in (j3.20p . and the second property 
in (lOOl) follows from [C, 1 = 0{t~^) and LemmaESl □ 

4 Propagation estimates 

In this section we use the expressions for Heisenberg derivatives of propagation observables, 
established in Section [3l to prove suitable minimal velocity propagation estimates. We will 
use these estimates in Section[5]to verify the existence of the relevant asymptotic observables. 

Proposition 4.1. Let x £ C'o°(IK)r be supported in Jq and S, ^ Nq. Fix < e < cq < c^, 
where Cm appeared in the Mourre estimate ^2.38\) . and R > e. 

(a) Let Zq = [—R, cq]. Then there exists c > such that for all ^^^^ G -F (8) J-^^h 

dt-(M/«,x('^(i® izoKA))x('^^r^) < cll^Wf , (4.1) 

where ^[^^ := e-"^'''«)'f (i) and x^^^ ■= x{H^^\0)- 

(b) Letjo,joo be as specified in Definition\3A\ and s.t. io+Joo = 1- Letl = [— i?, — e]U[e, cq] . 
Then there exists c > such that for all G J-': 

dti(^t,f«(/)*x(')(l^li(%.A))x('^f«(/)vI/t)<c||^&f, (4.2) 
where ■= e"^*'^^^)^'. 
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Proof. We set a := a^^ and start with a brief consideration which is relevant for both 
parts of the proposition. Let q G C°°(M) be s.t. q' G C^(M), q' > 0, ^/q^ e C^(M) and 
suppg' C [—R — 1, Cq] for some cq < Cq < Cm- Let us consider the propagation observable 

<I>«(t) = x(i)(l»g)x«, (4.3) 
where we set q := q[a/t). Its Heisenberg derivative gives 

D«cl.«(t) = ® (a/t)<z' + -^X^^hH^^KO. 1 ® 9]X^'^)X^'\ (4.4) 

where we chose some function x G C^(M)r, supported in Jq, s.t. XX = X- Next, making 
use of Proposition ILH we can write 

x^^\H^^\0. 1 ® q\x^^^ = ^(1 ® y^)x^'HH^'HO, 1 ^ ^ ^/7) + ©(t-^) 



= ^^(i)(l^^')^(i)+0(t-2), (4.5) 

where in the second step we made use of the Mourre estimate (|2.38|) and in the last step of 
Lemma IG. 31 (The notation [ , ]° is explained in Appendix [C]). On the other hand 

1 c' 
- -ICS) {a/t)q' > --^l(S,q'. (4.6) 

Thus we obtain from (14.51) and (14.61) that 



D«cl>(i)(t) > £;^(i)(i^g')^(i)+0(t-2), (4.7) 

where c := Cm — Cg > 0. 

Now we are ready to prove part (a) of the proposition. By choosing q s.t. g' = 1 on 
Iq = [—it!, Co], we obtain from (j4.7p that 

D«cl>(i)(t) > ^x^i)(l lxoia/t))x^'^ + 0{r^), (4.8) 

By integrating this expression along the time evolution we obtain (14. ip . 

Proceeding to part |(b)| of the proposition we choose q' s.t. suppg' C [—R — 1, — e/2] U 
[e/2, Cq] for Co < Cq < Cm and q' = 1 on [— i?, — e] U [e, cq]. We also require that 

q{\)= l\\s)ds (4.9) 



JO 

to ensure that q vanishes in a neighbourhood of zero. We consider the propagation observable 

m = Xdr(g)x. (4.10) 

Proposition 13.31 gives that 

= r(jo)D<I>(t)r(jo) + f W(i)*D«cI>«(t)f (i)(i) + 0(t-2), (4.11) 
where we set j := j*. As for the second term on the r.h.s. above, we obtain 

fWorx(^)D«<i>(i)(t)x(^)f«(j) 

> ^(jrx^'Hl ® li(«/t))x('^f W(i) + 0(t-2), (4.12) 
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where we made use of (j4.7p . Let us now estimate the first term on the r.h.s. of (j4.1ip . 
We choose j as specified in Definition 13.11 s.t. Jq + = 1 and suppjo does not intersect 
with the support of q. Then, making use again of Proposition 13.31 and of formula ()4.12p . we 
obtain 

r(jo)D$(t)r(jo) = r(jo)f (i)(j)*D(i)<i>(i)(t)f (i)(j)r(jo) + o{t'') > 0{t-^), (4.i3) 

i.e. this term is bounded from below by an integrable contribution. 
Making use of (14.12P and (14.131) . we obtain 

D$(t) > -r^'HjTx^'^ (1 ® lx{a/t))x^'^t^'Hj) + 0{r^), (4.14) 

where c > 0. By integrating both sides of this inequality along the time evolution and 
making use of the fact that is bounded, uniformly in time, we conclude the proof. □ 

Proposition 4.2. Let x G C'o°(I^)r supported in Jq and ^ G Nq. Then there exist c > 
and < Eq < c^l2, where Cm appeared in the Mourre estimate i2.38\) . s.t. for any R > 
and ^ e T: 

||r(l[-ij,eo](aeoA))x(^(e))^t||'y < c\m', (4.15) 

where = e"'*^(^)^. 

Proof. We set a := a^^ and A := dr(a5o). Let q G C(f (M) be s.t. < g < 1. Suppose that 
q is supported in [—R — 1, 2£q] and g = 1 on [— i?,eo] for some > to be specified later. 
Moreover, suppose that q' = q+ — q-, where q± > 0, ^/q± G Cg°(M), supp(7+ C [—R—1, —R], 
suppg_ C [eo,2eo]. 

We set := q{a/t) and introduce the propagation observable 

^^it) = x{HiCmq^)jr{q%iH{C)). (4.16) 

Note that by Corollary En] we have T{q^)x{H{0)J=' C D{H{0) D D{A), such that the 
computation above ~ as well as the one to follow ~ is meaningful. It can easily be shown 
that $^ is bounded uniformly in time. Let us now study the Heisenberg derivative of <1>^: 
We set q := g*, x '■= x{H{6.)) and write: 

D$^(t) = xr{q)J^{j)T{q)x + xD(r(g))^r(g)x + xr(g)yD(r(g))x. (4.17) 
As for the first term on the r.h.s. above, we obtain: 

Xr{q)T>{j)T{q)x = -^xr(g)yr(<?)x + jxr{q)i[H{0, A]°r(g)x. (4.18) 
Concerning the first term on the r.h.s. of (j4.18p . we note the bound 

^Xr{q)jT{q)x = ^xr(<7)xdr(gi, {a/t)qi)xr{q)x + ©(t"') 
< jxTiq)xdriqu (a/t)g2)xr(g)x + 0(t"') 
<ceolxnQ)\ + 0{t-^), (4.19) 
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where c is independent of Eq and R. Here x ^ ^^(M)^ is s.t. XX = X and x is supported 
in Jq. We also chose functions qi,q2 £ C'o°(I^)) < gi,g2 < 1 s.t. ggi = g, supp^i C 
[—R — 2,3£o], suppg2 C [— 3eo,3eo] and qi{s)s < q2{s)s for all s G M. In (j4.19p we made use 
of Lemma TF. 61 the fact that r((7i)dr(a) = dT{qi,qia), and 

\\dr{qi,{a/t)q2){l+N)-^\\ < \\ia/t)q2\\ < Seo- (4.20) 

In view of this bound it is clear that the constant c = 3||(1 + A^)x|| HxIIj appearing in (j4.19p . 
is independent of R, £q. As for the second term on the r.h.s. of (j4.18p . we write 

^xriq)i[Hi^),ArT{q)x = ^xr(<z)xi[^(e), ^]°xr(g)x + 0(i~') 

>c^lxr{q)x^r{q)x + o{t-^) 

= c^jxr{qfx + 0{t-^). (4.21) 

The first step above follows from Lemma IF. 61 and from the fact that 

\\[H{0,ArT{q)x\\ <oc and \\[H{0, x\\ < oc. (4.22) 

These bounds are simple consequences of Corollary IF. Ill and Lemma 11.21 after rewriting 

[H{0, Amq)x = {mo, A]%N + l)-'nq){Ho{0 + 1)-'} 

x{{N + l)iHoiO + ir'}{{HoiO + l)'x} (4.23) 

and recalling Corollarv lE.4l In the second step of (j4.2ip we used (j2.37p and in the last step 
once more Lemma IF. 61 Summing up, we got 

xT{q)B{j)T{q)x > {c^ - ceo)^xnQ)\ + 0{t-^). (4.24) 
Let us now consider the remaining two terms on the r.h.s. of (j4.17p . First, we note that 

xTi(r{q))jTiq)x = xD(r(g))xy r(g)x + xD(r(g))[dr(g, {a/t)q),x]x 

= XX'DiTiq))xjr{q)x + 0{t'^). (4.25) 

Here in the second step we applied Lemma 11.31 and Proposition IF. 51 which ensures that 
xD(r(g)) = 0{t^^). As for the first term on the r.h.s. above, we obtain from Proposition l3.4l 

xD(r(g))x = T>mQ)x) = ^t^'Hjyx^'^Ctil <z')x^'^f «(i) + Oit-^), (4.26) 

where we set j := j* and q' := {q'Y- Thus, recalling that q' = q+ — q- and y/q± G C^(]R), 
we can write 

.If^(i) 



D(xr(g)x)= ^Tf(^njrx('Hl®V9^)a(l®V^)x(')f«(j) + 0(t-'), (4.27) 

ae{±} 

where we exploited the second property in (j3.20p . Thus we get 

xxD(r(g))xyr(g)x 



E ^Txf «(i)*x('Hl ® V9^)C<dr(i)(g, ^a/t)q){l V9^)x(i)f (1)(J)X 

6{±} 

+ Oit-^), (4.28) 
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where we made use of the fact that t^^\j)AT{q) = dT^^\q, {a/t)q)t^'^^j) and then of 
LemmaOlto exchange dT(^\q, {a/t)q) with x^^l Since CtdT^^\q, {a/t)q) = 0(1), by the 
first part of property (j3.20p . we obtain for any ^ £ J^: 

\{^t,XX'D{T{q))xjr{q)x^t)\ 

< E ^ll(l®V9^)x^'^f«(j)x^if ^0(t-2)||,I,||2. (4.29) 

This expression is integrable, uniformly in ^ from the unit ball in J^, by the Cauchy-Schwarz 
inequality and Proposition 14.11 (To apply this latter proposition we assume that 2eo < Cm)- 
The last term on the r.h.s of (|4.17|) is treated analogously. 
Altogether, we have obtained that 

D<i>^(t) > {Cm - ceo)^xnq)\ + B{t) + 0{t-^), (4.30) 

where c is independent of eo and R, and B{t) is integrable along the time-evolution provided 
that 2eo < Cm- By choosing eq sufficiently small, we conclude the proof. □ 



5 Existence of some asymptotic observables 

As usually in the time-dependent approach to the problem of asymptotic completeness, the 
central question is the existence of suitable asymptotic observables as strong limits, as time 
goes to infinity, of their approximating sequences. In this section we answer this question 
with the help of the propagation estimates established in Section HI With this information 
at hand, the proof of asymptotic completeness, completed in Sections [6] and El is relatively 
straightforward. 

Theorem 5.1. Let x G C'^(IK)r be supported in Jo and ^ G Nq. Let q £ C~(M) be s.t. 
< g < 1, g' G C^(]R) and suppg' C (— oo, Cm)\[— e, e], for some < e < Cm, where Cm 
appeared in ^2.37^ . Then the following strong limit exists 

Q+{H{0)X := s- lim e'*^(«)r(g*)e-*^«)x, (5-1) 

and commutes with bounded Borel functions of H{^). (Here we set x '■= xiH{(,))). More- 
over, i/suppg C (— oo,eo); where Eq appeared in Proposition^^ then Q^{H{^))x = 0. 

Proof. We set q := and define ^{t) = x^{q)x- Making use of Proposition 13.41 we obtain 

D$(t) = -tW(^jy^Wc,{i^q')x('m'\j) + 0{t-^), (5.2) 

where we set j := j*. Let q G C^(M) be supported in (— cxd, Cm)\[— e, e] and equal to one on 
the support of q'. Then, making use of the second property in (j3.20p . we can write 

D$(i) = if W(jrx^i)(l q)Ct{l ^ g')x^^)f «(j) + 0(t-2). (5.3) 



Since Ct = 0{l), we obtain 

+ 0(t-2)||^,||||^2||, (5.4) 



|(^i,i,DcI>(t)vI/2,t)| < p(l$$g1x^i)f«(j)*i,J||(l$$gOx^i)f« 
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where ^'j G and ^i^t = e~'*''^^^^^'i, i G {1,2}. By integrating both sides of this inequahty 
over some time interval, applying the Cauchy-Schwarz inequality to the integral of the 
first term on the r.h.s. of (j5.4p . taking supremum over ^'i s.t. ||^i|| < 1 and exploiting 
Proposition 14. H we obtain strong convergence in (|5.1|) by the Cook method. Now we choose 
X G C'o°(IK)rj supported in and s.t. XX = X- Lemma lF.6\ gives 

e'*^(«)r(g)e-*^(«)x = e"^(«)xr(,)xe-'*^(«)x + Oit''). (5.5) 

The second term on the r.h.s. above converges strongly by the above consideration. By 
a computation analogous to (|5.5p one shows that Q~^{H{(^))x commutes with H{^). This 
concludes the proof of (|5.ip . 

Let us now show the last statement of the theorem, i.e. that for q s.t. supp q C (— oo, Eq) 
there holds 

Q+{H{^))X = 0. (5.6) 

Let qn G Co°(M), < < 1, be s.t. qR{s) = q{s) for s £ {-R,oo) and qn = for 
s < —R — 1, for some R > Cm- Then, coming back to the explicit notation g* = q{a/t) and 
= QRiO'/t)^ we obtain from Proposition 14.21 and from ()5.ip that 

s- lim e'*^(«)r(gi,)e-"^(«)x = 0. (5.7) 

On the other hand, Lemma iK.ll gives that 

II (r(g*j) - r(Q*))e-'*^(«)x^|| = OiR-') (5.8) 

uniformly in t for ^ from some dense domain in J^. This concludes the proof of (j5.6p . □ 

Theorem 5.2. Let x G C'^(IK)r be supported in Jq and ^ G iVo- Let p G C°°(M) be s.t. 

< p < 1, p' £ C^(R) and suppp' C (— oo,Cm), where Cm appeared in 
following strong limit exists 

Q+(/7^"(e))ooX'" := s- lim e^*^'''«)(l ® r(p*))e-^*^'''(^)x'", (5-9) 

and commutes with bounded Borel functions of H'^^{^). (Here we set x°^ ■= x{H^^{C)))- 
Lf, in addition, p = 1 on [cm,oo), then 

Q+(//-(0)ooX^^ = X^^ (5.10) 

Proof. Concerning the proof of (15. 9p . we set p := p*, choose x £ C'^(M)k, supported in Jq 
and s.t. XX = X- We note the relation 

[x^^l®^(p)]x<=^ = [X^^\1$$P]X^'^ = 0(i"'), (5.11) 

which is a consequence of the decomposition (j2.26p . Lemma |2.H (which ensures that only 
^ = and I = \ terms survive in this expansion) , and of Lemma IG.3I Thus it suffices to 
prove strong convergence of t — )• e'*^™*^^^x°^(l "X" r(p))x^^e~'*^™*^^) for any x ^ Co°(I^)r 
supported in Jq. We apply decomposition (I2.26P and Lemma [2?T] to this expression. The 

1 = component gives x(-f^(C))^ which is time-independent. The 1 = 1 component has the 
form 

t ^ x(')e'*^*''«)(l p)e-'*^*'^«)x^')- (5.12) 



2.31). Then the 
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We consider the propagation observable $00 (i) := X^^H^ p)x^'^'^ ■ To prove the strong 
convergence of (j5.12p we will show integrability of the Heisenberg derivative 

D«a>oo(t) = X^'^ (-^1 ® {a/t)p' + i[i^«(C), l^p])x^'l (5.13) 
By Proposition lI.il 

l'^p]x^'^ = ]x^'^C{lCSp')x^'^ + 0{t-^), (5.14) 

where C is a bounded operator on F which satisfies 

[C,l®p*] =0(t-i) (5.15) 

for any pi G C°°(M)r s.t. p[ £ C~(K). Let p G C^(M)m be supported in (-00, Cm) and be 
equal to one on the support of p'. Then, due to (j5.15p . we obtain 

DW$oo(t) = ^X^'Hl®l5)Ct(l®p')x^^^ + 0(t-'), (5.16) 

where Ct = —10 {ci/t)p + C is a family of operators which is uniformly bounded in t. Thus 
we can write 

|(^'i,t,D««>oo(t)^'2,t)| < ^||(l»p)x^'^^'i,t||||(l®p')x^'^*2,dl+0(t-2)||^'i||||^2||, (5.17) 

where G F F^^\ = e-"^'''(?)^i, i G {1,2}. With the help of this bound, the 
Cauchy-Schwarz inequality and Proposition 14.11 we obtain strong convergence of (|5.12p by 
the Cook method. This completes the proof of (j5.9p . To show that the limit commutes with 
bounded functions of the Hamiltonian, one proceeds analogously as in relation (I5.11|) above. 

Let us now proceed to the proof of (jS.lOp . We come back to the explicit notation 
p* =p{a/t). As we have shown above (cf. formula ()5.12p ) 

ei*^^^''«)(i^r(p*))e-'*^°^(«)x^" 

= xmO) e x(^)e^*^<^'«)(l ^p*)e-*^'^'(«)x(^)x(^) + 0{t-^). (5.18) 

Thus it suffices to show that for ^ € F'^'^'^ there holds 

hm {^t,X^^\l®p{a/t))x^^^^t) = (X^'^)'^)- (5.19) 

Setting q := 1 — p, this is equivalent to 

lim {^u X^'^(l ® q{a/t))x^^^^t) = 0. (5.20) 

We note that suppg C (— oo,Cm). Let us choose a function qn G C^(R), < (7/? < 1, which 
coincides with q on (— i?, 00), but is equal to zero on (—00, —R — 1] for some R > 1. We 
obtain from (14. ip that 

lim(*t,x(''(l0gR(aA))x^''^t) = 0, (5.21) 

t— >oo 

where we exploited the first part of this proposition to obtain convergence. 

Now let ^ be an element of the domain of 1 (X" a. Then ^ belongs to the domain of 
(1 ® a)x^^\ since H^^\Cj is of class C^{1 ® a). Cf. [471 Lemma 2.2, Proposition 2.8]. 
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Furthermore, the operator representing the commutator form i[H^^\^),l (>5 a] is given by 
i[i?(i)(0,l ® af = -Vn{^ - drW(k)) ■ (l^v) + l®Vuj -v, which is //(i) (^-bounded. 
Consequently, the group e"'*^*^'^^^ preserves L>(l(g)a)nL>(ij(i)(0). Now we set := q — QR 
and compute 



= (^',X«e'*^'^'(«)fl^%^)e-*^*^'«) 
^ V [a/t) ) 

X i rdtV*'^<''«)i[F«(0,l®a]°e-'*'^'^'«)x(')*> 

+ ;,(i)e"^'^'(5) (l » l^)e-'*^'^'(0 1 (1 ^ (5.22) 

Hence, making use of the fact that 1 ® a\°x^^^\\ < oo, (cf- LemmaO]), we obtain 

\{^t, (1 gij(aA))^t)| < + -^ll^ll 11(1 a)x(')^||. (5.23) 

Since this expression can be made arbitrarily small, uniformly in t, by choosing R sufficiently 
large, we have proven (j5.20p for ^ in the domain of {10 a), which is dense. This concludes 
the proof. □ 

Theorem 5.3. Let x S ^^(M)]^ be supported in and ^ G Nq. Let jo,joo be as specified 
in Definition \3.1l s.t. jg + = 1; suppjg C (— oo,Cm) and hence supp j'^ C (— oo,Cm), 
where Cm appeared in ^2.37\ ). Let q = ((/o,9oo) '■= Uo'^oo) T^*^ particular 3o + 9oo = Ij- Then 
the following strong limits exist: 



^+(g*)('e)x'" := s- lim e'*^(«)f (g*)*e-'*^"(«)x'", (5-24) 
W+{q'){0*X ■■= s- lim e"^"(«)f (g*)e~"-^(«)x, (5-25) 



where we set x ■= x(-f^(?)) ^'^^ X'^^ ■= x{H^^{S,)). These operators intertwine (bounded 
B Orel functions of) -ff(^) and H'^^{S^). 

Proof. We set q := q^, j := j* and consider the asymptotic observable $(t) = x^^^{q)x- Its 
non-symetric Heisenberg derivative is given by 

D$(t) = x''Hdt{q,dtq)+iH'^{Or{q)-ir{q)H{0)x- (5-26) 

The first term on the r.h.s. above can be rearranged as follows 

X'''dt{q,dtq) = 2x''Mr-(j,5d)f (i) 

= 2x'="(dr(io, ddo) r(joo) + r(jo) dT{j^, dtjoo))r{j), (5.27) 

where j = diag(jo, joo), dtj := diag(c?jjo, dtjoo) are propagation observables on f) © f) and in 
the last step we made use of Lemma [A. 31 As for the remaining terms on the r.h.s. of (j5.26p . 
we obtain from Lemma I J. II that 

X^^(//'^^(e)f (g) - nq)H{0)x = 2x'=^[^^^(0, r^"(j)]f (j)x + 0{t-\ (5.28) 
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Thus, altogether, we get 

= 2x^^(dr-(j, Stj) + r-(j)])f + o{t-') (5.29) 
= 2x^^(dr-(i, ad) + r^^(j)])x^^f + o{t-'), (5.30) 

where in the last step we chose x ^ C'o°(1^)k) supported in J'q and s.t. XX = X- To exchange 
r(j)x with x^^r(j), we made use of Lemma IF. 101 and of the fact that 

^cx[^cx(^)^r-(j)] = 0(ri), (5.31) 

which follows from Proposition IF.5I 

Now we apply decomposition (|2.26p of H°^{S^). As for the i = component, we obtain 
from (ICTj) 

D$(o)(t) = x{2dT{jo,ddo) + 2i[/7(0,r(jo)])r(jo)x + 0{t-^) 

= x{dT{qo, dtqo) + i[H{0,r{qo)])x + ©(t'^). (5.32) 

To justify the second step above we make use of the relations 

dT{qo, dtqo) = 2dr(jo, %o)r(io), (5.33) 
x[H{C)Mqo)]x = ^x[H{0,nhmjo)x + x[nh),[H{OMh)]]x, (5.34) 

and of the fact that the last term on the r.h.s. of (j5.34p is 0(t"^) by Lemma |J.2[ We note 
that the first term on the r.h.s. of ()5.32p is the Heisenberg derivative of $o(i) '■= X^iQo)x- 
We recall that q^ = (j'q)' = 2joJo and, by Definition 13.11 jo is equal to one in some interval 
[— < e < Cm- Thus suppg^g C (— co, Cm)\[— e, e] and the Heisenberg derivative of $0 
can be shown to be integrable along the time evolution as in the proof of Proposition 15.11 
Let us proceed to the £ = 1 component: Let x^^'^ •= x{H^^^(,))- From ()5.30p we obtain 

D$(i)(t) = 2x(^) (dr(jo, dth) ioo + r(jo) ® ddoo 

+ i[i/(i) (0, r(io) ® JooDx^'^f ij)x + 0(i-2). (5.35) 

We note that 

X«(dr(jo,%o) » Joo)x(') = 0{t-^), (5.36) 

x«[^«(0,r(jo)»i](i® joo)x(') =o(t-'), (5.37) 

where (|5.36p follows from Corollary IG.4I and (j5.37p is a consequence of Proposition IH.3[ 
Thus we obtain from (15. 351) that 



D<I>«(t) = 2x«(r(io) 1)D«(1 ® joo)x(^)f «(i)x + 0{t-') 

= 2x«(r(io) 1)X^'^D«(1 » joo)x^'^f «(i)x + 0{r'), (5.38) 

where in the last step we made use of the fact that [x^^^ r(io) CS) 1)] = 0(t"^), which follows 
from Lemma lF.6l and of the estimate D(^)(1 'S>joo)x^^^ = 0{t~^), which is a consequence of 
Proposition IF.2I Proceeding as in (|5.13p - (j5.16p above, we obtain that 

x(i)d(i) (1 j^)x^'^ = ^x^^\l ® joo)a(l j'^)x^^^ + 0{t-% (5.39) 
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where joo £ (^^(M)^ is supported in (—00, Cm) and is equal to one on the support of j'^, 
and t — )• Ct is a family of operators, which is uniformly bounded in t. Thus we get 

|(*i,t,D$W(t)*2,t>| (5.40) 
< ^11(1 » liooDx^'^^Mll 11(1 \fJ)x^'^tW(j)^q,,^,\\ + oit-^)\\^i\\ ||*2||, 

where t = e''*^^'^^^^^! and ^-2* = e-'^"^^^'^2 for some arbitrary vectors ^'i € 7-" (8) , 
^'2 G J^- Due to the support properties of joo and the fact that supp j^ C (—00, Cm)\[— 
(since jo = 1 on [— e, e] and jg + j^ = 1), we can apply Proposition 14 . 1 1 to show integrability 
of (lOrH) . 

Thus we obtained that both t — )• $(t) and t — )• <I>(t)* converge strongly. Now the result 
follows by an application of Lemma IF. 101 which also gives the intertwining property. □ 



6 Localized wave operators 

In this section we construct localized wave operators, defined on a small neighbourhood O 
of any point (.^O) ^^o) S i?(^^\(T*-"'^^ UExcUSpp). The adjective 'localized', used to describe the 
wave operators constructed in this section, requires a brief clarification: On the one hand it 
alludes to their construction in an energy- momentum spectral subspace of the small set O. 
On the other hand it refers to the Sigal-Soffer type localization onto a spectral subspace, 
constructed using the one-body propagation observable d^^ (cf. expression ()6.ip below) and 
describing classically permitted scattering configurations. The fact that these localized wave 
operators turn out to coincide with the conventional wave operators is due to the Mourre 
estimate preventing scattering states from occupying classically forbidden configurations in 
the large time limit. 

Definition 6.1. We set Oq = Nq x JTq, where Nq and j7o appeared in Theorem 12.21 and 
choose an open bounded neighbourhood O of (^05^^0)1 whose closure is contained in the 
interior of Oq. 

We recall from Theorem 12.21 that with the set Oq we can associate the observable a^^ = 
^{f^Q • iVk + iVfc • f^ol which enters into the Mourre estimates. We define the following 
counterpart of this observable 

:= ^{(1 ^ ^Co) -z + z-iKg) v^,)}, (6.1) 

where z := — yCgilon/Ccsf) is the relative distance between the electron and the boson 
and we set x := iVfc. In the remaining part of the section we will set f := f^g, a := a^^ and 
d := , unless stated otherwise. 

Remark 6.2. We will make use of an extension of the expression T{q) to contractions q on 
/C (S" f), which was discussed in [471 Remark 1.1]. We leave it to the reader to check that this 
remark applies, whenever we meet second quantization in the extended sense discussed here. 
Furthermore we will also need to work with such operators q viewed as acting in /C (8) J-" (8) f) , 
but skipping over the middle J^-component. This is what is meant qoo{d/t) in Theorem 16.61 
Finally, we warn the reader that we will be abusing notation, in particular in Proposi- 
tion l6.5| by writing l(^V{ps{d/t)), for the operator £{T{p^{d/t))®l)£, where £: — )■ 
is the exchange operator defined on simple tensors hy £{f rj rj') = f ® rj' ® -q. 

Before we proceed to the construction of asymptotic objects in O, we need one more 
definition: 
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Definition 6.3. Let < cq < eo) where Eq appeared in Proposition 14. 2i Let q S C°°(M) 
be s.t. < g < 1, q{s) = 1 for s < co/2 and q{s) = for s > cq. Furthermore, g is a 
non-increasing function. We write qs{s) = q{s/5) and qg{s) = qs{s/t) for < 5 < 1. 

Proposition 6.4. Let q be as specified in Definition \6.3[ Then the following strong limit 
exists 

Qj{H) := s- lim e''''T{qs{~a/t))e-'''' E{0 U Si,o), (6.2) 

and equals £'(Siso). In particular, Q^{H) := Q'^{H) is independent of 6. 

Proof Let x e C^iM'^+'^h be equal to one on O and be supported in Oq. Then E(0) = 
x{P, H)E{0) and we can write 

Q's{H)E{0) = e^'''T{qs{d/t))e-''"xiP,H)EiO) 

= / dee'*^(«)r(g5(a/t))e-'*^(«)x(e,^(0))/LLpi^(O), (6.3) 

where we denoted by Q^^{H) the approximants on the r.h.s. of (j6.2p . It follows from 
Theorem 15. H the dominated convergence theorem and the properties of q specified in Defi- 
nition [631 that this expression converges to zero as t — )• oo. 

Let us consider now Q^g(H)E{Ti[so)- We recall from Section [2.31 that Sjso is a union of 
graphs of at most countably many analytic functions p: — )• M, where N C M'^ are open 
sets. Let ^ be a graph of one of these functions. Then we obtain 

r® 

Q\{H)E{g)^ = IIlp / dee'*(^«)"P(«))r(<75(aA))vI/5, (6.4) 

JN 

where 3 ^ — )• ^'^ S is a square- integr able Borel function representing ^ . Now by the 
dominated convergence theorem Y\mt-^^Q*^{H)E[Q)'^ = E{Q)^. □ 

Proposition 6.5. Let q and 1 — p he as specified in Definition \ 6.3l Then the following 
strong limits exist 



QjiH^^o := s-^hm e'*^'=^(r(g5(a/t)) l))e-^*^^''£;'^^(0), (6.5) 

QjiH^^)oo ■■= s- lim e"^°''(l ® r(p5(aA)))e""^^''i^-(0), (6.6) 

Q+(F-) := s- lim e"^°^(r(g5(S/t)) r(p5(SA)))e-"^^''i?^^(0), (6.7) 

and are independent of 5 (thus we can omit the subscript 5). Moreover there holds 

Q+(//^^)o = (i?(Si,o) (S) l)E^^{0), (6.8) 

Q+{H^^U = E^''{0), (6.9) 

Q+(/7^^) = (i?(Si,o) » m^^^iO). (6.10) 

Proof Let x G C'o°(R'^^^)r be equal to one on O and be supported in Oq. Then E^^{0) = 
x{P^^iH^^)E^^{0) and we can write 



Q+(/7-)o = s-^lim e'*^"'(r(g5(a/t)) l)e-"^°''E^^(0) 

= s- lim (e'*^r(g5(5/t))e-'*^E(Siso) ® l)^<="(0) 



t— >oo 

+ s- lim (e''^riqs{a/t))e'''^E{0) ® |0)(0|)E'^"(O) 



(£;(Ei,o)0l)^''"(O), (6.11) 
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where in the first step we made use of Lemma [M. II and in the second step of Proposition [6^ 
to obtain the existence of the hmit. This proves (j6.5p and (j6.8p . 
Making use of Theorem I5.2t we obtain that there exists the hmit 



Q+(F^^)oo =s- Mm e'*^ (l » r(p5(d/t)))e-"^ E'^^iO) (6.12) 
= s- Km /Efp / dee'*^^'=(«)(l®r(p,(aA)))e-'*^^^«)x(e,i^'=^(0)CLP^'"(O) 

which equals E°^(0). This proves (j6.6p and (j6.9p . 

Existence of the hmit (j6.7p and relation (j6.10p are obvious consequences of the facts 
proven above. □ 

In the following theorem we construct the localized wave operator W^, associated with 
the region O specified in Definition 16.11 We also show that its adjoint is a strong limit of 
its approximating sequence. 

Theorem 6.6. Let jQ,jao be as specified in Definition \3.1\ s.t. io+ioo — ^ ^'^^j addition, 
let jo and 1 — joo satisfy the conditions from Definition \6.3l Let q = {qo,Qoo) ■= iJo^j'^) (in 
particular qq + Qoo = Ij- Then the following strong limits exist: 

= s-^lim e^*^f (g5(a/t))*e-'*^'''^^"(0), (6.13) 
W+% = s- lim e''^°'^t{qs{a/t))e-''^E{0), (6.14) 

and intertwine x(-P, -ff) with x{P^^,L[^^) for any x £ C'o°(I^'^^^)r- (Consequently, W^*^ is 
the adjoint of Moreover, these limits are independent of 5, for sufficiently small 5, 

thus we can omit the subscript 5. 

Proof Let x e C^(M'"+1)k be equal to one on O and be supported in Oq. We write 

W+, = s- hm /£lp / dee^*^«)f (g5(a/t))*e-*^^'^«)x(^,i^'=^(e))CLpi?^^(0), (6.15) 
W+* = s- hm /£fp /® dee^*^«)f (g5(a/t))e-i*^^''(«)x(6/?(0)^LLpi?(O). (6.16) 

The existence of these limits and the intertwining property follows from Theorem l5.3l by the 
dominated convergence theorem. 

Let us now show that Wq ^ is independent of 6 for sufficiently small S. First, we note 
that 

W^,s = K,siQtiH)^l) (6.17) 

for e/2 > 5. However, by Proposition 16. 4^ Qf{H) = E{T,iso) is independent of e, hence the 
relation holds also for e/2 < 5. Let us make £ even smaller, so as to ensure that e/2 < 5/4. 
Then we can write 

W^^siQtiH) ^ 1) = W^^sQtiHn = W^^^QjiH^. (6.18) 

But the r.h.s. above is independent of 6 by Proposition 16.51 Thus both Wq ^ and Wq*^ are 
independent of 5. □ 
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Now we proceed to the proof of an isometry property of W^*. An important role in the 
proof is played by the map r(l,l) whose adjoint is the scattering identification operator 
from daiO]. 

Theorem 6.7. The localized wave operators, defined as in Theorem \6.6l satisfy 

W+W+* = E{0). (6.19) 

Proof. Let qs := {qo,5{a/t),qoo,5{a/t)) be as specified in Theorem 16.61 and abbreviate q^ := 
diag(go,5(ci/i)' '/oo,(5(o/i))) the corresponding family of observables on /C (g) (f) © f}). We set 
:= Wq and write 

W+W+* = WtW+* = s- lim e'*^f (g5)*e-^*^'''£;'="(0)M/'+* 

t— >-oo 

= s- lim e"-^f (g5)*e-"^"VF+* 

t— >oo 

= s- lim e"-^f (1, l)*r^(^Je-"-f^"VF+*. (6.20) 

t^oo — " 

Making use of the fact that O is localized below the two-boson threshold, we obtain that 
W+* = where P := 1 ® (Pq + -Pi) acts on W = 1C® J"^^ and P„ : J"'^^ J"(g) 

are natural restriction maps. Let ^' be a vector in the range of E{0). Then, setting 
R:=(\ + H)-^ and W := (i + i?'=^)-i we write 

e"-^f (1, l)*r^(g^)e-'*^"VF+*^ 

= e'*^f (1, l)*Pr^(g_5)(P<=^)2e-"^"VF+*P~2^ 

= e'*^f (1, l)*PP<=^[i/<=^,r^^(g_5)](P'=^)V'*^"VF+*P~3^ 

+ e'*^f (1, l)*PP'="e-'*^°''e'*^°''r'="(g^)e-^*^"VF+*p-i*. (6.21) 

By Proposition IF.5I and property IA.181 the term involving the commutator above is of 
order 0{t~^). As for the second term, we note that by Proposition 16.51 the fact that 
Q+{H) = E{^iso) and property flATS]) . 

s-lun e^*^f (1, l)*Pi?^^e-"^"(e"-^"r'^(£^)e-^*^" - Q+{H) ® l)W+*R-^^ = 0. (6.22) 

Since {Q^{H) l)W+* = W+*, (cf. formula (f6T7l) above), we obtain that the r.h.s. of 
(|6.2ip equals (up to terms that tend to zero in the limit t — )• oo) 

e'*-^f (1, l)*Pi?<=^e-'*^"VF+*p-^^. (6.23) 

This is asymptotic in the limit t — )• oo to the expression 

e'*-^f (1, l)*PR''''r{qs)e-'^"R-^^ 

= e**^f (1, l)*P/?''^r^^(j^)x^^f (j5)e-**^p-^^ + 0{t-^) 
= e**^f (1, l)*PP"^[r^(j__5), F<=^]P<=^x''''f (i5)e-'*^i?-^^ 

+ e'*^f (j5)*P^^x''''f (j5)e-'*^p-i^ + 0{t-^) = ^ + 0{t-^). (6.24) 

Here in the first step we used the identity T{qs) = T^^{j g)T{js) and introduced a function 
X G Co°(M'^+^)k, supported in Oq and equal to one on O so that xiP,H)^ = ^. Making 
use of Lemma IF. 101 we got 

njs)x = x'''njs) + 0{t-'), (6.25) 
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where we set x •= x{P^H) and •= xiP^^^H^^). In the second step we commuted 
r'^^(j_5) to the left and used the fact that PxiP""", H""") = xiP""", H"""). In the third step we 
exploited Proposition IF.5I to show that the resulting commutator is 0{t~^). In the last step 
we made use again of Lemma IF. 101 □ 

Lemma 6.8. Let (A, S) be an analytic shell in Siso (cf. Section \2.3\) . Let A be a Borel 
subset of the graph Qs of this shell. Then the operator 

B := (1a (P, H) ® w^J • (1 Vw - V5(P) 1) (6.26) 

satisfies 

PEP > CraP, (6.27) 

where P := loo{P^'^\ H^^''){'^ii{P, H) ® 1). We recall that Oq appeared in Definition\6^ 

Proof. We set v := and a := a^^ as abbreviated already below definition (|6.1|) above. 
Let X £ C'o°(IR)]R be supported in Jq. We recall from Theorem 12.21 that for £ Nq (where 
A^o appeared in Theorem 12. 2p 



x{H(^HOm^'HOA^aMHW(0)>CmX{H('\Of- (6-28) 
Let us set IaIO '■= dk 1a(^ — k, H{(, — k)), note that 

/il!pi^o(p«)(iA(p,^)®i)/ff;= / deiA(o (6.29) 

and set A^^ := {k £ W \ - k, X) £ A, for some A G M }. Then we get 

lAiO {£ dk xiH^'K^; kMS^'^ (e; k), 1 a]xiH('H^; k))) lAiO 

> c^x(^('H0)'iA(6, (6.30) 

and consequently 

iA(e) {£ dk xiH('^ (e; k)Hk) ■ Vfc5(i) (e; k)xiH('^ (C; k))) iA(0 

iH('\C)f lAiO / dkvik) ■VkS^'\C;k) > c^x\H^'\OnAiO, (6.31) 



X{ 



where we set S^^\^; k) = — k) + uj(k). By approximating with functions x the charac- 
teristic function of j7o, taking the direct integral of both sides over ^ £ Nq, and conjugating 
with /llp' obtain 

(1a(P, H)0v)-{10Vuj- VS{P) 1)P > CmP. (6.32) 
where we made use of (I6.29p . This concludes the proof. □ 
Theorem 6.9. The localized wave operators, defined as in Theorem 1 6. 61 satisfy 

W^*W+ = E^''{0){E{T.i,o) ® 1). (6.33) 
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Proof. Let us set := and let ^ G Ra.nE'"^{0). By Lemma [MJl ^ belongs to the 
closed span of vectors of two types. The first type are vectors of the form 

^-1 ® |0), (6.34) 

where ^'i G E[0)T-L. Such vectors are elements of the kernel of due to the fact that 

® |0)) = lim e"^f fe(a/t))*(e-"^^i ® |0)) 

= lim e**^r(go 5(a/t))e''*^^i = Q+{H)E{p)^i = 0, (6.35) 

where we made use of Proposition 16.41 This proves relation (|6.33p on vectors of type (j6.34p . 
Vectors of the second type that span Ran£'°^(C'), provided by Lemma IM.H have the form 

*2^a*(/i)|0), (6.36) 

where h £ Cq°{W) and *2 G E{A)'H are s.t. A C Sjso is a bounded Borel set and 
A + {k,uj{k)) C O for all k G supp/i. For such vectors we obtain 

W+i^2^a*ih)\0)) = lim e"^f((75(a/t))*(e-'*^*2®a*(/it)|0)) 

= lim e"^a*(goo,5(a/t)/it)e~"^e"^r(go,5(a/t))e^"^^2 
= lim e^*^a*(goo,5(aA)/it)e~"^Q+(F)'f2 

= lim e'*^a*(goo,5(aA)/it)e-'*^*2, (6.37) 

t— >-oo 

where ht = e~"^*/i and in the last step we made use of Proposition 16.41 and the fact that 
^'2 belongs to the range of E{T,iso)- In view of the discussion of the isolated spectrum in 
Section [2.3| we can assume that ^^2 belongs to the range of E{A), where A is a subset of 
the graph Gs of an analytic shell (^,5"). Here we used that level crossings sit above a set 
of momenta, a union of spheres, with zero Lebesgue measure. Let ^'2 a*{h)\0) be another 
vector of the form (j6.36p . s.t. ^'2 belongs to the range of E{A), where A is a subset of 
the graph of some other shell S which may, but does not have to coincide with S. Now we 
obtain from (|6.37p 

{W+{^2 ® a*(/i)|0)), ^^+(^-2 ^ a{h)\0))) 

= l[m{^2,e''^a{qooA^/t)ht)a*{qooAa/t)ht)e-''"^2)- (6.38) 

By commuting the annihilation operator to the right, we get 

(l'2,e'*^a(g«,,5(SA)/it)a*(goo,5(a/t)/it)e-'*^^2) 

= {^2,t ® ht, qlo,s{(^ ® • (1 ^ 2; - y l)/t + h.c.) (^-2,* ht)) 

+ (a(9oo,5(5A)/it)e-"^(^)#2, a(goo,5(a/t)/it)e-i*^(^)*2), (6.39) 

where ^2,t = e~'*'^(^)\I'2, ^2,t = e~^^^'^^^i>2- We recah that v := v^^ and x = iV^ is the 
position operator of the boson. 

Let us first show that the last term on the r.h.s. of (|6.39p tends to zero: Due to the fact 
that ^2 G E{A)'H, where A is bounded, it is easy to see that 

11(1 + i/ph)a((7oo,5(a/t)/it)e-^*^(^)^2|| < c (6.40) 
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for some c independent of t. (See Lemmas IC.4I and IE.2p . On the other hand, as shown in 
Proposition 16.41 for 5' sufficiently smah, 

^-2 = hm e^*^r(go,5'(a/t))e-'*^^2. (6.41) 

Proceeding similarly as in the proof of [ 25i, Lemma 14], we get 

(1 + Hp^)-^aiqoo,si^/t)ht)e-''''^2 

= (1 + Hpi,y^a{q^^s{a/t)ht)T{qo^s'{a/t))e-''''^2 + o(l) 

= (1 + Fph)-^r(go,5'(aA))a(((?o,5"?oo,5)(aA)/it)e~"^^'2 + o{l), (6.42) 

where o(l) denotes a term which tends in norm to zero as t — )• oo. Here we made use of the 
fact that {l + Hpii)~^a{qca,5{a/t)ht) is bounded, uniformly in t. Noting that for 6' sufficiently 
small qo^s'Qcx),5 = 0, we obtain that the r.h.s. above tends to zero and therefore the last term 
on the r.h.s. of (j6.39p tends to zero. 

Let us now consider the limit of the first term on the r.h.s. of ()6.39p : 

lim {^2,t » ht, ^((1 ® {v/2)) • (1 X - y ^ l)/t + h.c.) (^-2,* ^ /it)) 
= lim {^2(S>h,q^^^s{i^^iv/2))- 

X {{l(S)x-y0l)/t + l0Vuj - VS{P) 1} + h.c.)e"(^(^)-^(-^))(^'2 h)) 
= lim (^2 » h, ql^siC^ f ) • (1 ® Vw - VS{P) ® l))e^*(-^(^)-^(^))(^2 ® h)). 

(6.43) 

Here in the second step we made use of the strong resolvent convergence of the sequence of 
operators in the argument of g. Since S is only defined on a subset of M'', the symbol 

VS{P) is to be understood as VS'r(P), where Sr is the restriction of S to the spectral 
support of the vector ^'2, which is then extended by zero to M'^ . Clearly, the last expression 
on the r.h.s. of (j6.43p is equal to zero if 5 7^ S*, since the argument of g commutes with 
the spectral projection E{Qs) 1 and E{Qs)E{Q ^) = in this case. Thus we have verified 
(|6.33p for S ^ S and we can assume that S = S. We can also assume that both ^'2 and 
^^2 belong to the range of E{/\) for some bounded Borel subset A C /S. (Again, since level 
crossings live on a subset of momentum space with Lebesgue measure zero, we can exclude 
them from this discussion). Then the last term on the r.h.s. of (I6.43P equals 

(^2 k qL,s{{^ (^v)-{i(^Vuj- vs{P) 1)) (^-2 h)) 

= {^2 h, g^^5((lA(P, H)0v)-{l0Vuj- VS{P) 1)) (1-2 h)) 

= {^2CSh,ql^s{PBP){^2'^h)), (6.44) 

where B and P were defined in Lemma 16.81 Next, we note that 

s- lim ql^siPBP) = l^o,oo){PBP) = 1 - l{o}iPBP), (6.45) 

where we exploited the fact that PBP > 0. Next, we observe that 

{4>2 0h,l{o}{PBP){^2 0h)) =0. (6.46) 

In fact, if the l.h.s. above was different from zero, then := l^Q'^{PBP){^2'0h) ^ 0. Now 
inequality (I6.27P gives that P^o = 0. Since P commutes with B, and ^'2 <SD /i belongs to 
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the range of P, we obtain that = P^o = 0. This contradiction justifies (j6.46p . Thus we 
obtain that the r.h.s. of (|6.44|) satisfies 

lim{^2(^h,qlo4PBP){^2(^h)) = {^2,'^2){h,h). (6.47) 
Summing up, we have shown that 

{W+{^2(^aCh)\0)), Ty+(^2^a*(/i)|0))) = (*2,^2)(/i,/i), (6.48) 

which concludes the proof. □ 



7 Wave operators and asymptotic completeness 

Let us now proceed to the construction of the conventional wave operators and to the proof 
of their completeness below the two-boson threshold. It will be convenient to work with 
wave operators Q,^, introduced in (j7.4p below, which are defined on the entire Hilbert space 
7^*^^. As we show in the proof of Theorem 12.31 given below, their restrictions to £'°^(7^)'H+ 
coincide with the wave operators defined in (j2.46p . We construct them first in the small 
regions O of the energy-momentum spectrum, in which we constructed the localized wave 
operators. 

Proposition 7.1. Let O he as specified in Definition \6.1\ Then there exists the limit 

n+ := s- lim e^*^f (1, l)*e-"^'''(^(Si,o) ® 1)^^"(0). (7.1) 

i— >-oo 

Moreover, = W^. 

Proof. We set W+ := W+ and i?^^ := (i + F^^)-i. Theorem EH gives us that {E{T.iso) ® 
1)E''''{0) = W+*W+. Thus we can write 

e^*^f (1, l)*e-"^'''(E(Si,o) 1)E'^{0) 

= e"-^f (1, l)*Pi?<=^e-"-^"VF+*P^+(i?"^)-^-E<=^(0), (7.2) 

where we use the notation P = 1 (8) (Pq + Pi) from the proof of Theorem 16.71 By prop- 
erty (lA.lSp . r(l, l)*P(i + H^^)~^ is a bounded operator. Thus, up to an error term which 
tends strongly to zero, the last expression equals 

e**^f(l,l)*PP'^^f(g5)e-'*^M^+(i?°^)-^^'=^(0) 

= e'*^f (1, l)*Pi?<=^r^(j_^)x^^f (j5)e-'*^VF+(ii'=^)-^E^^(0) + 0{t-^) 
= e'*^f (1, l)*PP"^[r^(j^),i7"^]i?'=^x''''f (j5)e-"-^VF+(i?'=^)-^^^^(0) 

+ e"-^f (i5)*i?'Vf (i5)e""^t^+(i?"")~^^'"(0) + 0{t-^) 
= W+ + 0{t-^). (7.3) 

These steps are justified exactly as in the discussion after formula (j6.24p above, in particular 
X £ C'^(M'^^"^)]K is a function supported in Oq and equal to one in O and we set '■= 
X{P'''',H''''). Relation ([73]) proves the existence of 0^ and the fact that 0^ = W+ . □ 

In the following two theorems we state and prove our main results. We recall that 
n = {{i,E)e W+'^ I E < $](2)(^) }. 
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Theorem 7.2. There exists the wave operator $7^ : T-L'^'^ — )• % given by 

n+ ■= s-^lim e"-f^f(l,l)*e-"-^"(^(Spp) ® l)S^"(7l). (7.4) 
The wave operator satisfies 

(i?(Spp)0l)i?'=^(7^). (7.5) 



H'^) = x{P,H)n+. (7.6) 

Proof. Let us recall that TZ DT, = U Sjso and the union is disjoint. Since the lower 
boundary of the joint spectrum of (P^^\ H^^^) is — )• Sq^^(^), we note that 

E^^{n) = E{n) e e^^\£^^^), (7.7) 

where E^^\ ■ ) is the joint spectral resolution of {P^^\ H^^^). As for the first component, we 
obtain that for any ^ € ^ 

e'*^f (1, i)*e~"^°''(^(Spp n n)^ » |o)) = ^(Spp n n)^, (7.8) 

thus O.^ trivially exists and is an isometry on this subspace. 

Let us now consider the second component of the direct sum ()7.7p . Let K C 
be a compact set. Let us show that exists on the range of E^^^K). We set T := 
(T^^^ U Exc U Spp) and pick a vector ^ £ E^^\K){7i J"(^)). Now we choose open sets 
GnDT s.t. 

{^,E('HGn\rm < -. (7.9) 
n 

Such sets exist by the regularity of the spectral measure. We note that K„ := K\Gn are 
compact sets. By Proposition 17.11 for any (^OjAo) G Kn there exists a neighbourhood O, 
specified in Definition 16.11 s.t. 

17+ = 1^+^W(0) (7.10) 

exists. Such sets O form a covering of Kn from which we can choose a finite sub-covering 
{^j}^=i- -By taking intersections of the sets in this sub-covering, we can find a family of 
disjoint Borel sets {-Bili^i, whose union coincides with and s.t. each Bi is contained in 
some set Oj. , as specified above. Thus we can write 

e^*^f (1, l)*e-"^"(^(Spp) ® 1)E^^\k)^ 

= e'*^f (1, l)*e-"^'^' (^(Spp) l)^(^) {Kn)^ + 0(l/n) 

N 

= e^*^f (1, l)*e-**^^''(^(Spp) l)E^^\Bi)^ + 0(l/n). (7.11) 

i=l 

In the first step above we made use of the relation 

E^^\K) = E'^^\Kn) + E^^\Gnr\K) 

= E^^\Kn) + E^^\iGn\T) nK) + E^^\TnK). (7.12) 
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Moreover, for any x S C'^(K''^^)lR, 



The second term on the r.h.s above, together with the bound (j7.9p and property (jA.lSp . 
gives rise to the term 0{l/n) on the r.h.s. of (jT.lip . i.e. a term whose norm is bounded by 
c/n for some c independent of t. (Here we exploit compactness of K). The last term on the 
r.h.s. of (|7.12|) is zero due to the relation 

eW {T n = /«; ( 1® di Ef^ {TiO n £^'^ (0)) ^p- (7-13) 

the fact that the set T(0 £^^\S,) is countable for any ^ (Theorem 12. 2p and therefore 
n £^^\0) = E^^H^ppiO n ^^^HO) which is equal to zero except for ^ from some 
set of zero Lebesgue measure (Lemma IM.2p . Now relation (|7.1ip and Proposition 17.11 give 
the existence of := il.^E^^\K) by the Cauchy criterion. 

Let us now show that 0^ is isometric on the range of E^^\K). We obtain from (|7.1ip 
that 

N 

= yW+ E^^\b,)'^ + 0{l/n), (7.14) 
1=1 

where we made use of Proposition 17.11 to replace the conventional wave operators with the 
localized wave operators W^, . Recalling that the sets Bi are disjoint and the localized wave 
operators intertwine {P,H) with {P^^,H^^), we can write 

^ — * Jt 

i=l 

+ 2Re{{n+^ - 0(l/n)), 0(l/n)) + (0(l/n), 0(l/n)). (7.15) 
The first term on the r.h.s. above satisfies 

N N 

^ \\W^^E^'HBi)^f = 5^(vl/,i?«(i?,)^) = {^,E^'HKnm = + 0(l/n), (7.16) 

i=l ' 1=1 

where in the first step we made use of Theorem 16.91 Lemma [M. II and the fact that Bi C Oj^. 
In the second step we used that the union of Bn coincides with Kn and in the last step we 
exploited formula ()7.12p and the subsequent discussion. The last two terms on the r.h.s. of 
(|7.15p and the last term on the r.h.s. of (j7.16p can be made arbitrary small by taking n 
sufficiently large. Thus we have shown that 

IIO+^-ll = ll^ll, (7.17) 

i.e. il^ is isometric on the range of E^^\K). 

Now let C be an increasing family of compact sets s.t. [j^y^K^ = £^^\ Then 

V :=\J E^^\k''){'H -F(i)) (7.18) 

n>0 

is a dense domain in E{£^^^){T-L® F^^^). (Here we exploit the inner regularity of the spectral 
measure). It follows from our above considerations that Q.'^ is well defined on T> and is an 
isometry on this domain. Thus extends to an isometry on E{£^^^){T-L (S> J'^^^)- 
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We conclude that Q,^, as defined in (j7.4p . exists. In view of relation (j7.8p . to complete the 
proof of (I73|), it suffices to show that for any ^'o G E{T.ppnn)'H and ^' G 
as specified above, there holds 

(^-0,^^+^) = 0. (7.19) 

To this end we make use again of relation ()7.14p and of the intertwining property of the 
localized wave operators to write 

N 

{^o,^+^) = Y.(^(^^)'^o,W+^E^'\B,)^) + {^o,0{l/n)). (7.20) 

i=l 

Now we note that E{Bi)^Q = 0, since the sets Bi do not intersect with the point spectrum 
of {P, H). The last term on the r.h.s. above can be made arbitrarily small by choosing large 
n. This concludes the proof of (j7.5p . 

Finally, let us show the intertwining property (j7.6p . In view of the decomposition (|7.7p . 
it suffices to check (|7.6p first on vectors of the form ^'o ® |0), ^'o G -^(^^pp 'R-)T-l and then 
on vectors ^ G E^^\K){T-L T^^^) as specified above. In the first case we get 

e**^f (1, l)*e-'*^"x(^'''', ^'''')(^o » |0)) = e**^f (1, l)*e-"^(x(P, -H')^'o ® |0)) 

= x{P,H)^o = xiP,H)e''''r{l,ire-''''°\^o^m. (7.21) 
As for the vectors of the second type, we make use of relation (I7.14p : 

N 

n^xiP'^H'^n'f = E^o, x{P''',HnE^'HB^)^ + 0(l/n) 

i=l 

N 

= X{P,H)J2W+ E^^\Bi)^ + 0{l/n) 
1=1 

= x{P,H)h+^ + 0{l/n), (7.22) 

where we made use of the intertwining relation for the localized wave operators shown in 
Theorem 16.61 Since 0(l/n) can be made arbitrarily small, this concludes the proof. □ 

Theorem 7.3. The wave operator ^l^, defined in ( |7.^p , satisfies 

RanQ+= E{n)n. (7.23) 

Proof. We recall that 7^nS = SisoUf (i). We note that for any ^ G E{T,iso)n = Uiso there 
holds 

^r = n+(^^|0)), (7.24) 

so Ran£'(Siso) C Ran 17^. 

Next, let us choose a compact set K C We denote T := (T*^^-* U Exc U Spp) and 

choose a vector ^' G E{K)'H. We select open sets Gn ^ T s.t. 

{^,E{Gn\Tm <-. (7.25) 
n 

Similarly as in the proof of Theorem 17.21 such sets exist by the regularity of the spectral 
measure. We define sets Kn := K\Gn, which are compact. Now we write 

E{K) = E{Kn) + E{Gn r\K) = E{Kn) + E{{Gn\T) nK) + E{TnK). (7.26) 
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Due to relation ()7.25p . the second term on the r.h.s. above satisfies 

\\E{{Gn\T)nK)^\\<-. (7.27) 

n 

As for the last term on the r.h.s. of (17.260 . we note that 

i^(rn£:«) = /£Lp(y® dCi?^(r(0 nf«(e)))/LLP = i?(Sppnf«), (7.28) 

where we made use of the fact that, by Theorem 12.21 7'(^) H £^^\^) is countable for any ^. 
Thus E{T f] K)^ belongs to the range of i?(Spp n and hence belongs to the range of 
the wave operator. In fact, for any ^ G £'(Spp n £^^^)T-L we have 

O+(^'«)|0)) = ^, (7.29) 

similarly as in formula (I7.24p above. 

Let us now consider the first term on the r.h.s. of (j7.26p . For any (^O)'^o) £ Kn there 
exists a neighbourhood O as specified in Definition l6.11 Such neighbourhoods form a covering 
of Kn from which we can choose a finite sub-covering {Ojl^-j^. By taking intersections of 
these sets, if necessary, we can find a finite family of disjoint Borel sets {Bi}^^, such that 
each Bi C Oj. for some i G {1,...,Nq} and their union coincides with Kn- Thus, by 
Theorem 16. 7^ and Proposition l7.lt we can write 

N N N 

E{Kn) = Y.E{B,) = Y,Wo, W+*E{B,) = Y,^^W+* E{B,), (7.30) 
1=1 1=1 1=1 

where Wq, are the localized wave operators and we made use of the fact that they intertwine 

{P^^, W^^) with (P, H). Thus the range of E{Kn) is contained in the range of il^. 

Summing up, for any 5* G E{K)7i there exists a sequence of vectors £ RanQ^ s.t. 

||^'-*n||<-. (7.31) 

n 

Note that by construction 17^ vanishes on E''''{n)W Q (-E(Spp) (g) l)E'''^{n)W. Hence, 
by relation (j7.5p . RanO^ is closed and we obtain that ^ G Ran 17^. This completes the 
proof of the fact that Ran D EilZ). The opposite inclusion follows from the intertwining 
relation (ESI). □ 



We are now in a position to extract our main theorem from Subsection 12.41 as well as 
its corollary. In proofs we will make use of the identity 

E^''{TZ)n+ = E^"(7^)(^(Spp) 1)-^ = (^(Spp) ® l)E''^{TZW, (7.32) 

which follows from the definition 7^+ = (£'(Spp) 1)%'^^ of the outgoing Hilbert space. 

Proof of Theorem \2.3\ . By (I7.32P and Theorem 17.21 we conclude the existence of = 
(Q^)|£;cx(7^)^^ and the property 

n+*n+=E'^n)\n^. (7.33) 

By construction of 0^, we observe that f]^^ = 0, for G E''''{TZ)W Q E''''{n)n+. 
Hence, Theorem 17.31 gives Ranil^ = E[TZ)'H. Together with (|7.33p this implies unitarity of 
fi^: E''''{n)'H+ E{n)'H. That is, n+n+* = E{n), which concludes the proof. □ 
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Proof of Corollary \2.4\ To prove part (a) , we recall that a^(/i)^ := il^(^'(X'a*(/i)|0)), where 
^ G £'(7^)^bnd and h are 7^-compatible. Now we compute, making use of (|7.33|) 

{a\{h)^,a\{h')^!') = (f]+(^®a*(/i)|0)),f]+(^'®a*(/i')|0))) = ,^'){h,h') . (7.34) 

Similarly, for G E{TZ)nbnd, 

(a;(/i)*, = (17+ ® a*{h)\0)),n+{^" ® |0))) = 0, (7.35) 

where we made use of the fact that il^(*" (g) |0)) = (cf. relation ([7^ ) and of ([7^33]) . 

To prove part (b) of the corollary, we recall that KanQ,^ = E{Tl)'H and therefore, any 
vector E E{n)'H can be written as ^'i = where ^'2 G E'''^{n)'H+. By (|Ml^ in 

Lemma IH31 applied with O = 7^, we find that E''''{TZ)W = E{n)n E^'^\n){niso f))- 
Since the second summand is already sitting inside E'^^{TZ)'H^, cf. (|7.32p . we find that 

E^^{']Z)n+ = E{TZ)nknd e E^^\iz){n,,o ® (7.36) 

The claim |(b)| now follows from dM^, applied with O = 7^. □ 



A Fock space combinatorics 
A.l Fock space 

Let f) be the single-particle space and r(f)) be the symmetric Fock space over f) given by 

r(f,):=0rW(f,), (A.l) 

n>0 

where r(")([)) = f^^?. r(°)(f)) is spanned by the vacuum vector denoted by |0). (If the 
single-particle space f) is fixed, we use a shorter notation F := r(f)) and := T^'"'\l})). 
For any set -D C we set T^"'\D) = D®" and define rfin(^) as the space of finite linear 
combinations of vectors from r(")(L>), n = 0, 1, 2 . . . 

Let D C f) be a dense domain and a: D — )• P) a linear map. Then dr(a) is defined on 
r(")(L»), n > 1, by 

n 

dr(a) := 1 O • • • O 1 0a 1 • • • O 1 . (A.2) 

i—l n~i 

and extended to rfin(-D) by linearity and the relation dr(a)|0) = 0. In particular. A'' := dr(l) 
is called the number operator. We recall that if a is closable then so is dr(a). Moreover, if 
a is essentially self-adjoint on L>, then dr(a) is essentially self-adjoint on T^^{D). Finally, if 
6 is a quadratic form on Di x D2 , where Di , D2 are dense domains in f) , then one can define 
dr(6) as a quadratic form on rfin(-Di) x rfin(-D2). 

Let f)i,f)2 be two single-particle spaces and let Di C f)i be a dense domain. For any 
linear map g : Di — )• f)2 we define a map r{q) on r(")(-Di), n > 1, by 

r(g) :=g0...0g (A.3) 
n 

and extend it to rfin(Z)i) by linearity and the relation r((7)|0) = |0). If g is a contraction (i.e. 
IIqII < 1) then r(g) extends to a contraction r(f)i) — )• r(f)2)- We recall that for a contraction 
q acting on /C (8) f) one can define T{q) as a contraction on /C (g) r(f)). See [13 Remark 1.1]. 
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Let q, oi, . . . , a-m be operators Di — )• f)2 defined on some common dense domain Di C f)i. 
Then we define dT{q, oi, . . . , am) on T^"'\Di), n > m,hy 

dT{q,ai, . . . ,am) ■= ^ (g' (X" • • • (8) Q' (SDai (g) g (g) (gi g (g) 0^ 'S' g 'S' • y 'S' g ) , (A.4) 

and extend it to rfin(-Di) by linearity and by setting dr(g, oi, . . . , a^) = on % wliere 
< n < m. 

We note tlie following simple relation between the objects introduced above: Let g, p 

be bounded operators on f) which commute and let a be a self-adjoint operator on some 
domain D C i). Then 

[r(g),dr(p,a)] =dr(gp,[g,a]) (A.5) 
in the sense of quadratic forms on rfin(-D) x Tfi^{D). 



A. 2 Extended Fock space 

Extended Fock space is defined by r^^(f)) := r(f)) g) r(f)) (or, in a shorter notation, J^°^ := 
J" (g J"). Let U : r({) ©[))—;• r(f)) (g) r({)) be the canonical identification, defined by the 
relations 

Ua*{h) = {a* {h) 01 + 1^ a* {h))U and U\0) = \0) \0) . (A.6) 

We will use U to transport objects defined in the previous subsection to the extended Fock 
space: Let go, goo and ao,aoo be operators on f) defined on a dense domain D C i). Let 
g := diag(go, goo) and a := diag(ao, aoo) be operators ont)(Bi) defined on the domain D®D. 
Then we introduce the following operators on the extended Fock space: 



r-(g) 

dr'=^(a) 
dr-(g,a) 



C/r(g)C/* = r(go)©r(goo), (A.7) 
UdT{a)U* = dr(ao) (g 1 + 1 (g dr(aoo), (A.8) 
UdT{q,a)U* = dr(go, ao) ® r(goo) + r(go) dr(goo, Ooo), (A.9) 



which are defined on T^^{D) (g T^^{D) and in the last equality we used Lemma fA.Sl stated 
below. We note that if go and goo are contractions, then r*^^(g) is also a contraction. In this 
situation we set 



r(")(g) 
dr('^)(a) 

dr(")(g,a) 



In the special case where 



= r''''(g)|r((,)g3r{"){f))' (A.IO) 
= dr''''(a)|p^^^(^)^P(„)(^), (A. 11) 

= dr''''(g,a)|r^^(£,)^r(„)(£,). (A.12) 

, oo = aoo =: a we will drop the underlining and write 



r-(g) = r(g)®r(g), 

dr*=^(a) = dr(a) 1 + 1 dr(a), 
dr^'^(g, a) = dr(g, a) (g r(g) + r(g) ® dr(g, a). 



(A.13) 
(A.14) 
(A.15) 



which is the standard notation. Since extended objects are unitarily equivalent to operators 
on r(f)g)f)), the properties of closedness and essential self-adjointness are naturally inherited 
from the single-particle level, as discussed after formula (|A.2p above. 
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Now let Co, Coo be bounded operators on P). We define c : f) —)•{)© f), which acts on /i G f) 
by ch = {coh,Cooh), and is s.t. \\c*c\\ = ||cqCo + c^Coo|| < 1- Then 

f(c) := Ur{c) (A.16) 

is a mapping T — )• J-^^ of norm one [13]. We also define f (")(c) := P„f (c), where P„ : T"'' 
J- is the natural restriction map. Next, given a linear map a: D — ?• f) ® f), where 

-D C f}, we set 

df(c,a) := [/dr(c,a), (A.17) 

which is a mapping Tf[^{D) — )■ We also define df^")(c, a) = Pndf (c, a). 

Let us denote by (1, 1) the map {) — f) ® f) which acts by (1, l)h = {h, h), where h £ i). 
We note that ||(1, !)*(!, 1)|| = \/2 and define f (1, 1) as an unbounded operator on rfin({)). 
As stated in [13], the following operators 

f(l,ir((iV + l)-t®l{„}(iV)) (A.18) 

are bounded for any n S N. 
A. 3 Useful lemmas 

In this subsection we collect some simple relations between operators on Fock space, which 
are used repetitively in the paper. Most of these relations are well known (see e.g. \13\ 
Section 2] for (RlOll and ^A^ ). 

Lemma A.l. Let q,p be bounded operators and h £ [}. Then the following equalities hold 
in the sense of quadratic forms on rfin(f)) x rfin(f))- 

dT{q,p)a*{h) = a*{ph)T{q) + a* {qh)dT{q,p), (A.19) 
a{h)dT{q,p) = T{q)a{p*h) + dr{q,p)a{q*h). (A.20) 

Proof. Note the identity r{q + sp)a*{h) = a*{{q + sp)h)r{q + sp) valid for any s G M. 
By computing the matrix elements of this expression between vectors from rfin(f)) and 
differentiating them w.r.t. s at s = we conclude the proof. □ 

Lemma A. 2. Let uj,ai, . . . an be operators defined on a common domain D C i), whose 
adjoints are defined on a common domain D* C f). Let j be a bounded operator on f). Then, 
in the sense of quadratic forms on Tf[^{D*) x Tf[^{D) 

[dr(tj),dr(j,ai,...,a„)] 

n 

= dr(j, [ujj],ai,. . . ,a„) +^dr(j,ai,. . . , [uj,ai],.. .,an). (A.21) 

i=l 

Now suppose that j : f)i — )• f)2 is s.t. < 1 and oi, . . . , a„ : f)i — )• f)2 are bounded operators. 
Then 

||dr(j,ai, . . . ,a„)(l + iV)-"|| < C||ai|| . . . ||a„||. (A.22) 
Proof Relation (lX2T]l can easily be seen by differentiating the function 

(S, Si, . . . , Sn) (^1, [r(l + SU;),r{j + Siai + ■■■ + Snan)]^2>, (A.23) 

where ^'i S rfin(-C'*) and ^2 £ ^{in{D), w.r.t. each of the parameters separately and then 
setting (s, si, . . . s„) = 0. The bound ()A.22p follows immediately from definition (IA.4p . □ 
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Lemma A.3. Let qo,qoo be bounded operators on \), and let po,ptx, be defined on a domain 
-D C t) . We define the following operators on f) © t) ; 

M and p:=('' (A.24) 

There holds the following identity on vectors from rfin(-D) (g) rfin(-D); 

Udr{q,p)U* = {dT{qo,po) (S) r(goo) + r(go) ® dT{q^,p^)). (A.25) 

Proof. Note that UT{q + sp) = {T{qo + spo) ^{qoo + spoo))U for s G M. By computing 
the matrix elements of this expression between vectors from the specified domains and 
differentiating them w.r.t. s at s = we conclude the proof. □ 

Lemma A. 4. Let oj, Cj^O) Cj,oo; I < i < n, be operators defined on a common domain D Ci), 
whose adjoints are defined on a common domain D* c f). We define lo := diag(a;,a;) as an 
operator on f) with a domain D ® D. Now let jo,joo be bounded operators on i). We 

define ci := {cifl, Q^oo) «s maps D ^ I) Ql) and j := (jo,ioo) as a map f) — f) ® f). Then the 
following relation holds in the sense of quadratic forms on FfinC-D* © D*) x rfin(-D); 

dr(a;)dr(j, ci,...,cn)- dT{j, a,..., Cn)dT{uj) 

n 

= dr(j, j], ci, . . . , c„) + ^ dr(j, ci,...,[LU,Ci],...,Cn), (A.26) 

i=l 

where [uj] := uj - ju = ([w, jo], [w, joo])- 

Proof. The relation follows by differentiating the function 

n n 

(s, Si, . . . , sn) ^ (^'i, (r(i + suj_)r{j + J2 SiCi) - r(i + J2 «iCi)r(i + suj))^2), (A.27) 

1=1 i=l 

where *i G Tfij^{D* © D*) and *2 G rfin(-D), w.r.t. s and Sj separately and setting 
(s,si,...,s„) = 0. □ 

Lemma A. 5. Let a,b be operators defined on some common domain Del), whose adjoints 
are defined on some common domain D* C t). We define a := diag(a, a) and b := diag(6, b) 
as operators on f) © f) with domains D(B D. Let q,jo,joo £ -^(f)) and suppose that [q,jo] = 
and [q,j(x)] = 0. We define j := {jo,joo) to be a map f) — >■ f)©f) and we specify q := diag{q,q) 
to be an operator on © f). Then, in the sense of quadratic forms on Tf^niD* © D*) x rfin(-D) 

T{j)dT{q,a) - dT{q,a)r{j) = dr(jg, [j,a]), (A.28) 
r{j)dr{q, a, b) - dr{q, a, b)r{j) = dr{jq, [j, a] , [j, b]) + dr{jq, [j, a] , bj) 

+ dr{jq,aj,\j,b]), (A.29) 

where [j, a] = ja — aj. 

Proof. The relations follow by differentiating the matrix elements of the functions 

s ^ r(i)r(g + sa) - r{q + sa)r{j), (A.30) 
{s, si) ^ r{j)T{q + sa + sib) - r{q + sa + sib)T{j), (A.31) 

in each argument separately, and setting s = 0, respectively (s,si) = 0. □ 
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B Commutator expansions 



Commutator expansions for functions of several commuting observables, which we need 
in the present work, were estabhshed in [50]. To state this result, we need first several 
definitions: For /j G M, we define the class of functions SP{W) C C°°{W), s.t. 

\d"f{x)\ <C^{x)P-\'^\ (B.l) 

for any multiindex a. In the definition below we use the notation 6j := {0, . . . ,1, . . . ,0) £ N'^, 
with 1 on the j-th entry. 

Definition B.l. Let A = (Ai, . . . , A^) be a vector of commuting self-adjoint operators 
with domains D{Aj) C Ti, and B a bounded operator on Ti. We say that B G C^{A), or 
B is of class (A) , if the commutator forms [Aj ,B], a priori defined as quadratic forms 
on D{Aj)^ extend by continuity to bounded operators =: ad^^(i3) = ad^(i?). For 

no > 1 we define the class C"'°{A) and iterated commutators ad^(i?) recursively: We say 
that B G C"''(A) if i? G C"'°~^{A) and for any \a\ < uq and j G {1, . . . , u}, the commutator 
forms [ylj,ad^(S)] extend by continuity to bounded operators ad^^''^(-B). 

Remark B.2. In the case z/ = 1 the above definition reduces to a more standard one: 
B G BCH) belongs to C"o(yl) if for any ^' G 7^ the map 

RB e^^^Se-'"^^ (B.2) 

is no times continuously differentiable in the norm topology. We also recall that this defini- 
tion can be naturally extended to (possibly unbounded) self-adjoint operators: In this case 
we say that B G C"o(^) if {B - z)-^ £ Bin) is in C"«(yl) for some - hence ah - z G C\a{H) 
[i7] . Finally, we remind the reader that if B G C^iA) we have BD{A) C D{A). 

Now we are ready to state the main result of |50j . 

Lemma B.3. Let B G B{'H) and A = (Ai, . . . , Au) be a family of self-adjoint, pairwise 
commuting operators. Assume that B G C""(yl) for some no>n-|-l>l,0<ti<n-|-l 
and0<t2<l and that f G Sf{W) for some p G M s.t. ti + t2 + p <n+l. Then 

[f{A),B]= (-l)'"'+^5"/(A)adS(i?) + i?„+i(/,A,S), (B.3) 

a:l<\a\<n 

as an identity on D{{A)f), where Rn+i{f,A,B) G B{T-L) and there exists a constant Cn{f), 
independent of A, B, s.t. 

\\{AY-Rn+r{f,A,B){AY-\\<cM) E W^'^AmV (B.4) 

a;|Q|=n+l 

Remark B.4. One can of course read the commutator expansion in Lemma iB.SI as a form 
identity on D{{A)p). We wish to argue in this remark, that one can also read it is an 
operator identity on D{{A)p). Suppose B G C"o(A), with no G N. Assume B G ^^^{A). 
We wish to prove by induction after no that 

adl(B)Z)((.4)"«) C Z)((A)"«-I"I), (B.5) 

for multiindices a with \a\ < uq. From (|B.5p . using p < uq, it follows by interpolation that 
ad'X{B)D{{A)P) C D{{A)P^\'^\). Hence the expansion in Lemma IB. 31 is meaningful as an 
operator identity. 
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Let B G C\A). Recall that BD{Aj) C D{Aj), for all j. Hence, BD{{A)) C D{{A)). 
This proves the claim for no = 1. 

Assume that (jB.SP is true with no replaced by an integer n < no- To show that (|B.5P 
holds true also with no we proceed as follows. We use descending induction after |a| , with the 
case \a\ = no being trivial. For a with \a\ < no we know that ad^(S) G C^{A), and hence 
ad^(S)Z)((^)) C D{{A)) (by the no = 1 step) and Ajad'XiB) = ad^^^' (B) + ad'X{B)Aj. 
The claim now follows by the two induction hypotheses. 

In our investigations we will use two special cases of Lemma IB.3( which we now state 
explicitly: 

Lemma B.5. Let B € B[T-L) and A = {Ai, . . . , Aj^) he a family of self-adjoint, pairwise 
commuting operators. Assume that B £ C'^{A) and that f £ S'-^(M'^). Then 

[f{A),B]= dy{A)ad'X{B) + R{f,A,B), (B.6) 

a:|o|=l 

as an identity on D{{A)'^), where R{f,A,B) £ B{T-i) and there exists a constant c{f), 
independent of A and B, s.t. 

\\R{f,A,B)\\<cif) Yl \\^^AiB)\\. (B.7) 

a:2<|o|<3 

Lemma B.6. Let B € B{T-L) and A he a self-adjoint operator. Assume that B G C"°(j4) 
for some no > n + 1 > 1, and that f G 5'^(M'^). Then 

n 

[f{A),B] = Y,{-^r''-f^'\A)^'^\{B) + Rn+iU,AB), (B.8) 
i=i 

as an identity on H, where Rn+i{f, A, B) £ B{T-i) and there exists a constant Cn{f), inde- 
pendent of A, B, s.t. 

\\Rn+i{f,A,B)\\ < Cn{f)\\^d^A^HB)\\. (B.9) 

C Commutator bounds in L'^{M.^) 

Let A and H be self-adjoint operators on a Hilbert space H, defined on domains D{A) and 
D(H), and s.t. H is of class C^{A) (cf. Definition El] ab ove). We recall that the natural 
domain D{A)r\D{H) of the commutator form i[i/, A\ is dense in D{H) in the topology given 
by the norm ||^||// := + ||^||- We will write i[i/, for the extension by continuity 

of the commutator form from D{A) n D(H) to D(H) (and also for the associated operator 
from D{H) to D{H)*). If, furthermore, i[i?, extends by continuity to an element of 
B{T-L), as is sometimes the case below, then [H,A\° will denote this extension. 
First, we recall the following abstract result from |48) : 

Proposition C.l. Let H and A he self-adjoint operators that satisfy 

(a) D{A) n D{H) is a core for H. 

(b) e'^^D{H) C D{H) and for each £ D{H) we have sup|^|<;^ ||Fe'*^'I'|| < oo. 
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(c) There is a set S C D{A) D D{H) which is a core for H and is invariant under e'*^. 
The form i[H, A] on S is bounded below and closahle, and the associated self-adjoint 
operator i[H,A]l satisfies D{\[H,A]°g) D D{H). 

Then, for all ^' G D{A) n D{H) 

{^MH,A]^) = {<^MH,Afs^). (C.l) 
Making use of the above proposition, we prove the fohowing technical lemma: 

Lemma C.2. Let g G C°°(M'')ir and let v G C^{W;W). Let a := ^{viVk + iVk-v), which 
defines a self-adjoint operator in L^(R'^). Using the same notation for real-valued functions 
and their associated self-adjoint multiplication operators we have: g is of class C^{a) and 
the operator i[a,g]° extends by continuity from D{g) to a bounded operator on L^(]R'') given 
by 

i[a,g]° = -vVg. (C.2) 

Moreover, {z — a)~^ leaves D{g) invariant for any z G C\M. More precisely, for any u G D{g) 
there holds 

\\g{z - a)"^n||2 < tz r(||u||2 + Ib^lb), (C.3) 

limzl 

for come c > independent of u and z. 



Proof. We set in Proposition IC.ll A = a and H = g and verify the assumptions: As for (a) 
we note that C^iW), which is a core for g, is a subset of D{a) R D{g). 

To prove [(bjj we follow [181I17|: We recall that wt := e^**^ is closely related to the flow ij^t 
of the equation il)t = v{ipt) with the initial condition Tpo{k) = k. Let Jj be the determinant 
of the Jacobi matrix Dkipt- There holds 



{wtu){k) = yO^ikHMk)), (C.4) 
where u G D{g) and Jj is uniformly bounded in /c as a consequence of the Liouville formula: 

Making use of the boundedness of v we obtain the property of finite propagation speed of 
sup WMk) - k\\ < sup [ dsMiPsikM <t\\v\\oc- (C.6) 



fceiR"^ keM." Jo 

Equation (IClil) gives 



{\g{Mk))\ + l){\g\wtn){k) = \g{k)\^/Mk){u{Mk)) + {\g\n){Mk))) , (C.7) 
and consequently, 

{\9\wtu){k) = + i^t\g\u){k)) . (C.8) 

We note that the factor \g{k)\{\g{ipt{k))\ + is bounded. This follows from the relation 

g{Mk)) = g{k)+ [' dsv{Mk))-Vg{Mk)) (C.9) 
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and the fact that v is compactly supported. Thus we obtain from formula (jC.SP that wtu is 
in the domain of g and 



\\{9Wtu)\\2 < c(l + |t|)(||n||2 + ll^nlb) (C.IO) 
for some c > independent of u and t. This concludes the proof of property |(b)[ 



As for (c) we set S = C(^{My) and conclude from the finite propagation speed prop- 
erty (|C.6P that wt leaves S invariant. On S we easily obtain that 

i[a,g] = -vVg (C.ll) 

and the r.h.s. is bounded due to the compact support of v. Thus i[a, g]°g = —v-Vg is defined 



on the entire Hilbert space, which concludes our verification of (c) 



Now we obtain from Proposition IC.ll that equality (jC.lip holds in the sense of forms 
on D{a) r\D(g), and that i[a,g] can be extended to a bounded, self-adjoint operator i[a,(7]° 
which coincides with —v ■ Vg. 

Now let us show that g G C^{a). We set go{k) = (z — g{k))^^ and note that (IC.lip 
applies to the real and imaginary parts of this function. Thus, by (jC.lip go leaves D{a) 
invariant and i[a, go] = go^[a, g]go, defined first as an operator on D{a), extends to a bounded 
operator on L'^{W). Thus Lemma 2.2 of |17] gives that g G C^(a). 

Next, we show estimate ()C.3p . Let us assume that Imz > 0. Then 



(z-a)-' = -i / dte'^'e'"' (C.12) 
Jo 

and property ()C.3p follows from (jC.lOp . For Imz < the argument is analogous. □ 

Lemma C.3. Let gi, ...,gne C°°{W)r, and let f € ^^(M)^. Then f{a/t) € C"(c/), where 
g = {gi,---,gn) is a family of commuting self-adjoint operators (functions of k). More 
precisely: Let gi{k) := x{k)g{k), where x ^ C'o°(1^)r is equal to one on the support of v 
and vanishes outside of a slightly larger set. We define the following hounded operators for 
n G N 

Jo := f{a/t), (C.13) 
/„ :=i"[g„,[...,[5i,/(aA)]...]], n>l. (C.14) 

Then, in the sense of quadratic forms on D{gn), 

i[gnJn-l\ = in- (C.15) 

Consequently, /n-i leaves D{gn) invariant and Ln is the unique bounded operator which 
coincides with [[gnJn-i] on D{gn) (i.e. i[gnJn-i\° = Ln)- 

Proof. Proceeding similarly as in [19], we write h{x) = f{x){x + i)~^ and choose an almost- 
analytic extension h € C°°(C) of h, which satisfies 

\dMz)\ < C,v(^)"'-'^|yr, (C.16) 
where z = x + iy. We set a := a/t and write 

/(a) = — / d2h{z){[ + d){z-d)-^dzAdz (C.17) 
2vr Jc 
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as a strong integral on D{a). Let us show that /(a) G C'^{gi): Making use of Lemma IC. 21 
and formula (|C.17p . we can write for ui,U2 € D{gi) D D(a) 

{ui,[gi, f{a)]u2) = / dgh{z){ui,v ■Vgil.z - a)^^U2)dz Adz 

--— / dzh{z){ui,{i + d){z - dy^v -Vgiiz - dy^U2)dz Adz. (C.18) 
t 27r 7c 

Due to property ( |C.16p and the relations ||(z — a)~-^|| = |Im2;|~-^, ||a(2; — a)~^|| < l + |z|/|Imz| 
we conclude that the integrals are convergent. Moreover, we note that we can replace gi in 
this formula by the compactly supported function gi = giX- Thus we obtain 

{ui,[9i,f{d)]u2) = {ui,[gi,f{d)]u2). (C.19) 

Since gi G C^(a) by Lemma fC. 21 D{gi)r\D{a) is dense in D{gi). Hence the form i[gi, /(a)] is 
bounded on D[gi) and therefore /(a) G C^[gi). (Cf. Lemma 2.2 of [47J). As a consequence, 
/(a) preserves D{gi) and we can write 

ibi,/(a)]°=i[5i,/(a)]. (C.20) 

Thus we have proved the lemma for n = 1. 

Let us now consider the case of n > 1. In the sense of quadratic forms on D{gn) we can 
write 

\[gnjn-l\ = [• • • , [^1 , /(o/*)]] • • •]] 

= i"[^„_i, [. . . , [guAOn, f{a/t)]] ...]]= (C.21) 

where in the second step we made use of ()C.19p . which holds on D{gn) as we justified above. 
Now the proof can be completed as in the case n = 1. □ 

Let us now proceed to the decay properties of commutators constructed in the above 
lemma: 

Lemma C.4. Let gi,. . . ,gn £ C'^{W)k, f,ji, . . . ,jm e ^"(M) and let us set jj := ii{a/t). 
Then f{a/t) G C^{g), where g = {gi, . . . ,gn) is a family of self- adjoint commuting operators 
(functions of k) and the following relations hold: 

ibi, /(a/t)]° = ■ Vgif\a/t) + ©(t'^), (C.22) 

i'"[jt[---,[i,n,5i]°...]] = 0r™), (C.23) 
i"+"[jt [. . . , bi, [. . . , bn, f{a/t)r . . m ...]]= 0(t-"-™), (C.24) 

Moreover, if h £ C(j"(M) is s.t. supp/flsupp/i = 0, then, for any n G N (independent of n) 

i"bi, [. . . , [5n, f{a/t)]° . . .]TKa/t) = 0{t-^). (C.25) 

Proof. We recall from Lemma IC.21 that the form i[a, (71], defined first on D{a) H D{gi), has 
a unique extension to a bounded operator i[a, 51]° which satisfies 

i[a,gi]° = -vVgi. (C.26) 
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Thus we can define i"ad^(gi) iteratively: Suppose that i" ^ad" {gi) is a bounded operator 
which coincides with {—v ■ ^)^~'^gi- Then we define i[a, i"^^ad^^^((7i)] as a quadratic form 
on D{a) and set i"ad"(5i) := i[a, i""^ad""^(fifi)]°. It is clear from relation ([06]) that 

i"ad^(5i) = (-t;-Vr5i. (C.27) 

Now we recall from Lemma IC.31 that i[ji,5i]° = i[j];,^i], where gi is a compactly sup- 
ported function of the momentum operator. Since gi belongs to C"(a) for any n G N, by 
relation ()C.27p . we conclude from (jB.SP that 

n'-l 

[AM = j;(-l/-^^(jf )*ad^/,(gi) + i?„,(ji,aA,5i) 
e=i 

= E (-l)^-^^(jf • + 0{t-'), (C.28) 

where we used (10271) and (iROl) . This proves (10221) and (l023j) for m = 1. To prove (|023|) 
for arbitrary m, we proceed by induction. Suppose that (IC.23P holds for m < n'. Then 
formula ()C.28P gives 

[jt [••• Jjn'>5l]---] 

n'-l 

= E )Vbt [• • • , [fn'd^v ■ vYh] ■■■] + 0{t--'), (C.29) 

which is 0{t~^') by the induction hypothesis. 

Now we proceed to the proof of (|C.24p . Similarly as in the proof of Lemma IC.31 we set 
a = a/t and write 

/(a) = — f dzh{z){i + a){z-ay^dzAdz, (C.30) 
2vr 

as a strong integral on D{a), where dzh satisfies ()C.16p . We recall from Lemma IC.31 that 
i"bi, [. . . , [gn, f{a/t)r = i"[5i, [. . . , [gn, f{a/t)], (C.31) 

where gi are compactly supported functions of k. With the help of ()C.30P we can compute 
the commutator on the r.h.s. of ()C.3ip as a quadratic form on D{a) (here we make use of the 
fact that gi G C^(a) and thus they preserve D{a)). The result is a finite linear combination 
of terms of two types 

hn--=-Y / dih{z)(i + a){z - a)-^\{{v -Vg^f^i^iz - a)-^}dz Adz, (C.32) 
^ •''^ i=i 

1 i I' " ""^ 

h,n-=—ir- / dih{z)v ■Vgj{z - ay^Y\_{v -Vgsi^j^iz - ay^]dz Adz, (C.33) 

where a is some permutation of (1, . . . , n) and 6 is some permutation of (1, . . . ,j , . . . ,n). 
Making use of properties ()C.16p . and of the relations ||(z — a)~^|| = |Imz|^^, ||d(z — a)^-*^!! < 
1 + |2;|/|Imz| we conclude that 

c 

\{ui,Ii^nU2)\ < —\\U1\\\\U2\\ (C.34) 

47 



for Ml, M2 £ Slid ^ £ {0) • • • ) This gives ()C.24p for m = and also verifies that the 

r.h.s. of ()C.3ip coincides with a hner combination of bounded operators on the entire 
Hilbert space. Let us now proceed to the case m > 0. We note that 

[ji,[...,[jLkn]---]] (C.35) 

is again a linear combinations of terms of the form (|C.32p and (jC.SSP , except that some of 
the insertions v ■ Vgj are replaced with 

[jl,[...,[jl„vVg,]...]] (C.36) 

for some ii, . . . , i^' £ {1, ... , m}. Since ()C.36p is of order 0{t~^') by (|C.23p . the proof of 
()C.24p can now be completed as in the case m = 0. 

To prove (|C.25p . we proceed by induction: For n = 1 it follows from (the adjoint of) 
formula ()C.28p . Now we define a sequence ^ := (^i, • • •) and write for any n G N 

[ffi, [. . . , [5„, f{a/t)] ...]] = ad|"(/(a/t)), (C.37) 

where an is a multiindex s.t. an{j) = 1 for 1 < j < n and an{j) = for j > n. Now 
suppose that ()C.25p holds for for n < n'. We obtain 

adl-'if{a/t))hia/t) = [gn',^dY-\f{a/t))]h{a/t) 

= ad|"'-H/(a/t))[/i(a/t),5„'] + ©(t"''), (C.38) 

where we made use of the induction hypothesis. The first term on the r.h.s. above is 0(t~") 
by the induction hypothesis and formula (|C.28p . □ 



D Admissible and regular propagation observables 

Definition D.l. Let M 9 t — t- h{t) G B{\]) be a propagation observable, which is bounded, 
uniformly in t. Let ji £ S^{R) and gi G C°°(M'')r, i,l £ ^ and let us set jj := ji{a/t). 
Suppose that h{t), h{t)* G C^ig) for any n G N and t G M, where g = {gi, . . . ,gn) is a family 
of commuting self-adjoint operators understood as functions of k. (Cf. Definition IB. ip . 

(a) We say that h is admissible, if for any m, n 

[jI [. . . , [51, [. . . , [5n, h{t)r . . .]°]° ...]...]]= 0{t-")- (D.l) 

(b) We say that b is regular, if there exists some neighbourhood of zero A, s.t. for any 

G C'o°(I^)) supported in A, and any n,n G N 

bi, [. . . , [gnMt)r ■ ■ .]Th^{a/t) = 0{t-n, (D.2) 

and the same relation holds for b replaced with b* . We will call A the regularity region 
of b. 

Lemma D.2. Let G be the function appearing in the interaction term of the Hamilto- 
nian ^2. 9\) and let b be a regular propagation observable. Then, for any n G N, with n < 6, 
there exists a Cn s.t. 

\Ht)uj''G\\2 < Cn/t". (D.3) 
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Proof. By |(MC1)| and |(MC3)| we have ||a;"G||2 < oo for n < 6. We recall that a = 
Ij^f -iVfc+iVfc-w}, V is compactly supported and vanishes in a neighbourhood of zero, and by 



(ST2) ; d'^G is locally square-integrable away from zero for \a\ < 2. Hence, ||a a;"G||2 < oo 



Now, exploiting regularity of b, we write 

\\b{t)io^G\\2 < \mhA{a/t)\\ ||u;"G||2 + \\h^\Aia/t){a/tr^^\\a^co^G\\2 < C/t\ (D.4) 

where A appeared in Definition ID . 1 1 and /ia, ^r\a form a smooth partition of unity s.t. /ia 
is supported in A and equal to one on a neighbourhood of zero. □ 

Lemma D.3. Let q G C°°(M)ik be s.t. q = on some neighbourhood A of zero and q' G 
Cq°(]R). Then the propagation observables 

R3t-^q^, M.Bt-^ tdtq^ (D.5) 

are admissible and regular with the regularity region A. (Here = q{a/t)). 

Proof. Follows immediately from Lemma IC.41 and the assumed support properties of q. □ 

E Auxiliary Hamiltonian and energy bounds 

In this section we prove higher-order bounds for H{^) w.r.t. the free Hamiltonian Hq{^) 
(and their counterparts for the auxiliary Hamiltonians introduced in Definition IE.3I below) . 
We cannot rely on standard higher-order bounds for H{^) w.r.t. the free boson Hamiltonian 
iJph (see e.g. [211 Lemma 31] and pS', Lemma 8]), since they do not suffice in the case of 
the polaron model. 

Lemma E.l. Let F £ C°°{W)u, f e C~(M'^;M/^), £N, and let G £ L'^{W). Then, in 
the sense of operators on C = T{i^(G^{M'^)), 

a*{G)F{dT{fik))) = I dpGip)F{-fip) + dT{f{k)))a*{p), (E.l) 
a{G)F{dT{fik))) = [ dpG{p)F{f{p) + dV {f {k))) a{p) . (E.2) 



Proof. Let ^ = {\I'("^}„£p| S C , and observe that only finitely many $(")'s are nonzero. 
The expression F{dT{f{k))) is well-defined as a symmetric operator on C, where it is also 
essentially self-adjoint. Then 

{a*(G)F(dr(/(fc)))vI/}(")(fci,...,A:„) 
1 " 

= ^ V G{h)F{f{ki) + ■■■ + fiki) + • • • + /(fe„)) (A:i, . . . , . . . , A:„) 

n 

= -/^T.JdpSiP- h)G{p)F{f{k^) + ... + f{h) + ... + fikn) - f{p)) 
X^(^-^\ku...,k,...,kn) 

dp{G{p)F{dT{fik)) - fip))a*{p)^Y''\ki, . . . , kn). (E.3) 
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This proves (jE.ip . As for ()E.2p . we compute 
{a{G)F{dT{f{k)))^Y''\h,...,K) 

= j dpG{p)F{f{p) + fih) + ■■■ + (p, h,...,kn) 

= j dp{Gip)F{f{p) + dT{fik)))a{p)^i'Y''\h,...,K). (E.4) 

This concludes the proof. □ 
We have the following higher-order lemma 

Lemma E.2. Let no G N and suppose (A;)("o-i) max{i,sn}(;. ^ i^i^-^^uy j,^^^ D{\H{i)\^) = 
D{Hq{^)^) for all n < uq. Furthermore, 

sup (||(i7o(0 + A)" - i + A)-"|| + \\{H{i) + A)"(Fo(e) - i + A)-"||) < oo. (E.5) 

Proof. It is an easy consequence of the spectral theorem, that it suffices to prove the claimed 
uniform bound for A = and uniformly in ^. (This follows by an application of the binomial 
formula to (-ffo(0 + A)" and {H{^) + A)"'). In fact, in order to take fractional roots we 
observe that we can replace i by a point below the bottom of the spectrum of the relevant 
operator. For this purpose we recall the notation Sq = inf (t{H). We begin by arguing that 
for n < no we have 

{H{0 - So + C DiHoiOn (E.6) 

and 

sup ||Fo(0"(^(e) - So + < oo, (E.7) 

for all n < tlq. The proof will go by induction in half integer powers n. Clearly, since 
D{H(S^)) = D{Hq{S^)), (]E.6P holds true for n = 1 (and hence by interpolation for n = 1/2). 
Furthermore, the computation 

HoiOiHiO - So + 1)-' = / - (1 - So + HG)){H{0 - So + ir\ (E.8) 
together with A^-'^/^-boundedness of (f>{G) and the estimate 

\\m{H{0 - So + 1)-^' < -\\{H{0 - So + i)-^(i^o(0 + - So + 

m 

<Ci + C2\\N^H{0-^o + l)-^\\ (E.9) 

implies ()E.7p for n = 1. Hence by interpolation also for n = 1/2. 

We now assume n > 3/2 (and n < no) is an element of N/2, and by induction we can 
assume that (IE.6P and (IE.7P hold with n replaced with n — 1/2. To perform the induction 
step it suffices to show that 

<P{G){H{0 - So + 1)-"^ G D{Ho{Cr-'), (E.IO) 

for ^ £7i, and 

sup ||/7o(0""V(G')(F(e) - So + 1)-"|| < oo. (E.ll) 
The statement (jE.lOp is implied by showing that we have 

0(G)(i7(O - So + 1)-"^ G z)(dr(oj)"-i) n D{n{^ - dr(A:))"-i) (E.12) 
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and statement (jE.lip follows from 



sup ||dr(a;)"-V(G)(i/(0 - + < oo 



sup \m - dr(fc))"-V(G)(/7(0 - So + 1)-"|| < oo, ^^'^^^ 

which by induction is known to hold for n replaced with a half- integer n' < n — 1/2, cf. 
what was done for n = 1. 

Let us now prove (|KT3l) . Let Fi(r) = r"-i, fi{k) = uj{k), F2{k) = - A;)"-\ and 
/2(/c) = k, where r £R, k £W. Write = a*{G) + a(G). Below we only deal with the 
a{G) contribution, which is the most complicated. The contribution from a*{G) is similar 
but simpler. Compute for <l>,^'i G C 

(F,(dr(/,(A;)))ci>,a(G)^i) = (a*(G)F,(dr(/,(A:)))(Ar + l)-|$,ivlxI/i). (E.14) 

Anticipating the use of (lE.ip we introduce 

The norm of the n-particle (n > 1) contribution is 



) + --- + /,(A:n)) 



xn-^$("-i)(A:i,...,A:i,...,A:„) . (E.16) 

Observe the bound Fj{x — fj{ki)) < C(l + Fj{x)){ki)^^~^^^ , valid for j = 1,2 uniformly in 
^, where s = max{l, sq}. Here we used (MC3) - (MC5) This implies 

<^ dki--- dA;„(^(A;,)("-i)^|G(fc,)1>("-^)(fci, ...,k,...,kr.)\j 

1=1 

< C7'||(A:)("-i)^G||2||^.("-i)||2. (E.17) 

Hence, for some .^-independent constant C" we have 

ll^ill < C"||(A:)("-i)"G||||$||. (E.18) 

Combining (jE?T]) . (jElil) . and the ab ove estimate we get 

\{F,idTif,ikm,aiG)^^)\<C''\\{k)^^-'>G\^^^^^^^ 

< m-5C"||(A:)("-i)'^G||||$||||(l + Fo(0"~^)^i||- 

From the assumption on G we conclude ||(/c)("-i)"G|| < oo. Since C is a core for any power 
of -ffo(C)) the estimate extends from C to ^'i G L'(i/o(0"^^^^)) ^^^d hence in particular to 
= - So + 1)-"^. This shows that a{G){H{^) + Sq + A)""^ G L>(Fj(dr(/j(A:)))), 

for j = 1,2, and hence completes the proof of ()E.12p . The uniform estimates (jE.lSP follow 
by the same estimate just derived, since (|E.13h holds true with n replaced by n — 1/2. 
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In order to establish the reverse claim, that (i^o(6 + 1)^""-?^ C D{\H{^)\'^'o) and that 
sup^gjg^ — So)"°(-ffo(0 + II < oo, we argue again by induction after half-powers. 

The computations 

(Hio - ^oTiHoiO + 1)-" = {{Hio - ^oT-HHoiO + 

X {{HoiO + ir-\H{0 - So)(i/o(0 + 1)-"} 

and 

{HoiO + ir^'HiOiHoiO + 1)-" = HoiOiHoiO + 1)^' + (HoiO + 1)"" V(G)(/^o(0 + 1)"", 

together with the observation that we never used above that the n resolvents were interact- 
ing, conclude the proof of the lemma. □ 

Definition E.3. We define the free and interacting auxiliary Hamiltonians on T-Li = r(f)©f}) 
by 

i^i,o(0 :=^^(e-dr(A;)) + dr(^) and := ^i,o(e) + <^(G, 0) (E.19) 

on their domain of essential self-adjointness Ci := rfin(Co°(M'^) © Cq°(R.'^)). The operators 
kj^ = diag(A;j, ki),i G {1, . . . , i'} and lu = diag(a;,a;) are essentially self-adjoint on C^{M.'^) © 
C;^{W) C f)©f) and (G,0) e f)©f). We note that i/i,o(0 = UH^''{^)U*, Hi{0 = [///^^(^C/* 
and Ci = U*C''''. 

Corollary E.4. Let no G N and suppose (fc)("o-i)max{i,so}G' g L'^{W). Then for any n < 
no, ^ G N and i (^W we have L>(|i?'=^(C)|") = Z)(i?g^(C)"), D(|i/(^HOr) = D{h'^\C)'^) 
andD{\Hi{On = D{Hi^o{On- 

Proof. Using the direct integral decomposition 

Hlf\^r{H('\0 + So + 1)-" = J dki--- dhHl^\i-kr{H'^'\i-k) + So + 1)-", 

and similarly with Hq and H interchanged, we conclude the corollary from Lemma |E.2[ □ 

Remark E.5. The auxiliary Hamiltonian Hi{^) is useful when computations and estimates 
involve multiple Fock space operations, since only one Fock space is involved. However, 
when one makes manifest use of conservation of asymptotic particle number, the H^^{^) 
representation is advantageous. 

Having established estimates and identities for Hi(S^) we shall by conjugating with the 
unitary U obtain analogous results for the extended Hamiltonian H°^{S^). Then, by applying 
the projection Pi on the subspace © J^^^^ C J^^^ we obtain analogous results for the 
Hamiltonians H^^\^). 

Corollary E.6. Let no G N and suppose (A;)("o-i) max{i,sa}(^ ^ L'^{W). Then for any 
n < tlq, ^ G N there exists C > such that for all z G C, with Imz ^ 0, we have 

- zrHHoiO + < C\lmz\-\ 

||^W(^)n(^W(^) - z)-\Hi'\0 + 1)-^"-'^ II < C\lmzr\ 

||^i,o(er(^i(e) - z)-\H,,oio + 1)-("-'^|| < c\imz\-\ 



52 



Proof. The corollary follows from Corollary IE. 41 Remark IE.5I and the computation: 

i^i,o(0"(^i(0 - ^)-'(^i,o(0 + 1)-^"-') = {i/i,o(0"(^i(e) - So + 1)-"} (E.21) 

Alternatively one can repeat the computation above for each pair of free and interacting 
Hamiltonian, invoking Corollarv IE.4I for each of them separately. □ 

F Commutators with the Hamiltonian 

F.l Commutators involving dr( ■ , ■ ) 

In this subsection we will make use of the auxiliary Hamiltonian Hi{S,) introduced in Defi- 
nition |K3]). 

Lemma F.l. Let qo,qoo e C°°(M) be s.t. q'^^q'^ G C^{^) and < go,goo < 1- Let 
= diag(gQ,q'^) he the corresponding propagation observable on f) ® f}. Let R 9 t — )• 
hj{t) G j £ {0, oo}, be two families of admissible operators and let b = diag(5o,6oo) 

be the corresponding propagation observable on f} ® f). Let f E ^^"(M). Then, setting 
Rifi := (1 + Hifi{^))~^ , we obtain 

[f{dT{k)), dT{q,b)]Rlo = Vfidrm . {dT{q, 6]°) + dT{q, 6))i?to + (F.l) 

and each term on the r.h.s. above is bounded and 0{t^^). 

Proof. Observe first that by Lemma IC.3I and Definition ID.H b,q£ C^ikj), for each j. 
Hence [A;^-,6] and [A;^,^] extend from D(k) (dense in each D{kj)) to bounded operators 
[kj,b]° and [kj,q]°. We write [k, for the vector {[k^, ■]°,...,[k^, - j"). By Lemma [C31 
and Definition ID. II all these bounded operators are 0{t~^). 

Making use of Lemma lB.5t with B = dr{q,b){l + iVi)~^, we get 

[/(dr(Ai)),dr(g,6)](l + iVi)-4 

= V/(dr(A:)) • {dT{q, + dr{q, feg]°,6))(l + iVi)-^ 

+ R{f, dT{k), dT{q,b){l + Ni)-^), (F.2) 

as a form equality on D(dr(^)^), where A^i is the number operator on r({) ® [}). Here we 
exploited the fact that / G S'^(M'^) and that dr{q,b){l + iVi)~^ is bounded and belongs to 
C^(dr(A;)) by the assumed properties of q,b and by Lemma |A.2[ Moreover, we obtain from 
Lemma lB.51 and Lemma lA.21 that 

\\Rif,dr{k),dT{q,b){l + N,)-^)\\ 

< E I|ad2r(fc)(dr(g, 6))(1 + iVi)-^)|| = 0{t-'). (F.3) 

o:2<|a|<3 

Since (1 + A''i)^(l + Hifi{^))~^ is bounded for any £ G N, we have shown that 

[f{dm),dT{q,b)]Rio 

= V/(dr(fe)) • (dr(^, \k,br) + dT{q, \k,qr,b))Rlo + 0{t-^). (F.4) 

Let us show that the term involving dr(g, [k, q]° ,b) above is 0{t~^). If < 1, then it follows 
from Lemma I A. 2 1 directly, since V/ in this case is bounded. If > 1, we can insert / = 
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(dr(^) • dr(fc) + l)-\dr{k) • dr{k) + l), noting that dr(^) • dr{k) = J2j=i dr(diag(%, 
and compute 

Vf{dT{k)).dTiq,\k,qr,b)Rl, 

= V/(dr(Ai)) • (dr(A;) • dr(A;) + ir'mq, [k,qr,b),dT{k) ■ dT{k)]Rlo (F.5) 

+ v/(dr(Ai)) • (dr(fc) • dT{k) + i)'Mr(Q, [k,q]°,b){dr{k) ■ dT{k) + i)rIo. 

This expression is 0{t^^) by Lemma I A. 21 and the bound \dif{ri)\ < c{vi). Note that to deal 
with the first term on the right-hand side one should first expand the commutator and write 

V 

[dr(^, [A;,g]°,6),dr(A;) • dr(A;)] = J] dr(diag(A:„ A:,))[dr(g, [fc, 6), dr(diag(A:„ A:,))] 

V 

+ ^[dr(g, [fc, 6), dr(diag(fe,-, %))]dr(diag(A;,-, A;,)). 

An analogous argument applies to the term involving dr((7, [A:, 6]°) on the r.h.s of (|F.2|1 . □ 

Proposition F.2. Let qg, q^o be as specified in Definition \3.1\ and let = diag(go) Q^o) 
corresponding propagation observable on f)©f). Lei M 9 t — )■ bj{t) G -B(f)), j G {0, oo}, be two 
families of admissible operators s.t. bo is regular. Letb = diag(6o,&oo) be the corresponding 
propagation observable on f) © f). Then, setting q = g*, Rifl := (1 + i/i^o(0) ""^ ^'^^ -^o := 
{1 + Hq{^))^^ , we obtain 

[H^{0,driq,b)]Rlo = - dr(Ai)) • {dT{q, + dT{q, [k,q]°,b))R% 

+ {dr{q,[ui,br)+dr{q,[ui,qr,b))Rio + 0{t-^) (F.6) 

and consequently 

[H{0,dT{qo, bo)]Rt = -Vm - dr(A;)) • (dr(go, [k, 6o]°) + dT{qo, [k, go]°, 

+ (dr(go, [^,6o]°) + dr(go, [io,qor,bo))Rl + Oit-^). (F.7) 
Each term on the r.h.s. of relations (F.6\) and I^F. 7\ ) is bounded and 0{t~^). 

Proof. Observe first that by Lemma IC.31 and Definition ID.1|, q G C^{kj) n C^{lj), for each 
j, and b G C^{io). See also the first paragraph in the proof of Lemma IF. II for notation and 
the observation that the bounded operators [fc, g]°, [w, g]° and [w, 5]° are all 0{t~^). 

Let us first prove ()F.6P . Making use of Lemma IF.ll and of the fact that 0, G S'^^ (M) , we 
obtain the identity 

[n{C-dTik)),dnq,b)]Rlo 

= _VJ](e - dr(Ai)) • {dT{q, [k,br) + dT{q, 6))i?to + ©(i"') (F.8) 

in the sense of forms on D{Hifi{^)). All terms on the r.h.s. above are 0{t^^). 

As for the second term from the free auxiliary fiber Hamiltonian (|E.19p . it suffices to 
note that Lemma lA.21 gives 

[dr(o;),dr(g,6)]i?to = (dr(g, k,g]°,6) + dr(g, [a;,6]°))4o = (F-9) 
in the sense of forms on D{Hi^q{(^)). The interaction term in the Hamiltonian gives 
[^{G,0),dT{q,b)]Rlo = (a*((l - qo)G,0)dT{q,b) - a* {boG,0)T{q) 

+ r{q)a{blG,0)+dr{q,b)ai{qo - l)G,0)Xo = O^'), (F.IO) 
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where we made use of Lemma fA. 11 and exploited regularity of Bq and I — qo- This concludes 
the proof of (|F.6p . 

Now let us prove relation ()F.7p . By conjugating (|F.6P with the unitary U, we get 
[i/-(0,dr-(g,6)](i?^-)4 

= _vfi(e - dr-(Ai)) • (dr-(g, \k,br) + dr-(g, feg]", 

+ (dr-(g, [ui,br) + dr-(g, [ui,qr,b)){Rin^ + 0(^2), (F.ll) 

where R^^ = {1 + Hq^ {^))^^ . By applying the projection Pq on the subspace J^(S>J^^'^^ C J^'^^ 
to both sides of this equality, we obtain ()F.7p . □ 

Lemma F.3. Let and b be as specified in Proposition IF.gl Let x G Co°(I^)r- Then 

[X(l/i(0),dr(g*,6)]=0(t-i). (F.12) 

Proof. As above we abbreviate iii^o = (1 + -f^i,o(C))^^- Proposition IF. 21 gives 

mC),dr{q,b)]Rl, = 0{t-^). (F.13) 

Now we will use the Helffer-Sjostrand calculus. (See e.g. ^12^, Proposition C.2.1].) We choose 
an almost analytic extension x £ C'^(C) of x s-t. 

\d2X{z)\ < Cn\lmzr, (F.14) 

for n S N and write 

[xiHim,dTiq,b)]Rlo 

= i/ dz Adzd,x{z)iz - H^{0)-'[HiiOAriq,b)]{z - H^iOr'Rlo- (F.15) 

Making use of relations (lFl4]l . (IRT3]1 . and of the fact that ||(l + i7i,o(0)^(-2-^i(0)~ni + 
-^i,o(?))~^ll — c/|Imz|, proven in Corollarv IE. 61 we show that 

[x{H,iO),dr{q,b)]Rlo = 0{t-'). (F.16) 
Next, we choose a function x G C'o°(I^)r s.t. XX = X and write 

[x{Hi{C)),dr{q,b)] = [x{Hi{0),dr{q,b)]x{H^{0) 

+ X(^i(e))[x(^i(0),dr(g,6)]. (F.17) 

Making use of ()F.16p . we conclude the proof. □ 
F.2 Commutators involving r( ■ ) 

Lemma F.4. Let jo,Joo G C°°(M), j'^J'^ G C^{R) and < jojoo < 1- i^ei j* := 
diag(jQ,j^) be defined as a propagation observable on f} © f). Let f G S'^^{W). Then, 
setting Rifi(^) = (1 + Hifi{^))~^ , we obtain 

[fidm - e),r(/)]i?i,o(0' = V/(dr(A;) - ■ dr(/, [A;,it)i?i,o(0' + Or'), (F.18) 

and the first term on the r.h.s. above is bounded and 0{t^^), with both O-symbols being 
uniform in ^ E . 
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Proof. Observe first that by Lemma IC.31 we have j* G C^ik.). The operator [A;,j*]° is 
bounded and 0{t~^) by Lemma |C.4[ 

We set j := and write, making use of Lemma IB. 51 

ifmk) - e), r(j)](i + iVi)-3 = v/(dr(Ai) - ■ dr(j, i]°)(i + iVi)-^ 

+ R{f, dT{k) - ^, r(j)(l + Ni)-^), (F.19) 

as a form equahty on D{Hifi{^)). Here A^i is the number operator on r(P) © f)) and we used 
the fact that / G S'^{W) and that r(j)(l + Ni)-^ belongs to C^idr{k) - C). To justify this 
latter property, we note that for \a\ < 3 

ad^r(fc)-c(r(j))(l + ^^i)"' = 0{t-\'^\), (F.20) 
where we made use of Lemma |A.2[ We obtain from Lemma IB. 51 that 



-3\ 



< E IWr(fc)-c(r(i))(l + A^i)-'ll = 0(t-2), (F.21) 

a:2<|Q!|<3 

uniformly in ^. Li fact, the right-hand side does not actually depend on ^. Since (1 + 
A'^i)^(l + //i^o(0)~^ is bounded uniformly in for any ^ G N, we have shown that 

[/(dr(^) - e),r(j)]i2i,o(0' = v/(dr(A;)) • dr(j, j]°)i??,o(C) + 0{t-^), (F.22) 

uniformly in ^ and in the sense of forms on D{Hi^q{^)). To check that the first term on 
the r.h.s. above is bounded and of order 0(t~^) uniformly in ^, we can as in the proof of 
Lemma IF.ll assume that sq > 1 and argue in the exact same fashion, replacing however 
dr(A;) • dr(A;) + 1 by {dT{k) - • (dr(A;) -0 + 1- We skip the details, which are shghtly 
simpler here since there is only one term. □ 

Proposition F.5. Let jo,Joo be as specified in Definition \3.1[ Let j* := diag(jQ,j^) be 
defined as an operator on t) © f). Then, setting Rifi{^) := (1 + Hifi(S,))^^ , Ro{S,) '■= (1 + 
-f^o(0)"^ get 

[Fi(e),r(j*)]4o(0 

= i-vm - dr(fc)) • dr(/, jt) + dr(/, [a.,it))i?i,o(e)' + oit-^), (F.23) 

uniformly in ^ gM'^ . Consequently 

= (_vfi(e - dm) ■ dr(j*, [fe, + dr(j*, [u;,f,r))Rl{0 + 0(t-2), (F.24) 



uniformly in £ The explicit terms on the r.h.s. of relations \F. 23\) . and (F.24^ are 
bounded and 0(t~^), uniformly in ^. 

Proof. Observe first that by Lemma [C.3t we have j* G C^(fe) n C^(a;). The operators [fe, 
and [w, are bounded and 0{t~^) by Lemma [0.41 
We set j := J*. Lemma lF.41 gives that 

[m - dr(fc)),r(j)]i?i,o(0' = -^m - drm . dr(i, \k,jj)Ri,o{Cf + 0{t-^), (F.25) 

and all terms on the r.h.s. above are 0{t~^) uniformly in ^. 
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As for the second term from the free auxihary Hamiltonian ()E.19p . it suffices to note 
that uniformly in ^ we have 

[drM,r(j)]i?i,o(e)' = dr(j, [u^,j]°)i?i,o(0' = oir'). (f.26) 

The interaction term from the interacting auxihary Hamiltonian (lE.19h contributes to 
0(t~2). To show this, we recall the relations 

r(i)a*(G,0)=a*(j(G,0))r(j) and a(G, O)r(i) = r(i)a(i(G, 0)), (F.27) 

which hold on rfin(f} © f)) and imply that 

[</.(G,o),r(j)]i?i,o(0' 

= (r(i)a((io - 1)G,0) - a* {{jo - O)r(j))iii,o(0' = 0{t-^), (F.28) 

uniformly in ^. In the last step we made use of the fact that jo — 1 is regular and of 
Lemma ID.21 This concludes the proof of (IF.23P . 

Now let us prove relation ()F.24p . By conjugating ()F.23P with the unitary U, we get 

= (_vj7(e - dr-(A;)) • dr-(i, [k,jj) + dr-(i, \ui,jT))RE'{Cf + 0{t~'), (F.29) 

where Rq^{0 = (1 + Hq^{S_))^^ . By applying the projection Pq on the subspace J^^^^ C 
J^^^ to both sides of this equality, we obtain ()F.24p . □ 

Lemma F.6. Let x G ^(^"(M)]^ and jo,joo be as specified in Definition \3.1[ Let j* := 
diag(jQ, j^) be defined as an operator on f} © f). Then there holds the estimate 

[x{H,{C) + X)Mf)]=0{t-'), (F.30) 

uniformly in £ M'^ and A > 0. 

Proof. This lemma follows from Proposition IF.5I by the method of almost analytic exten- 
sions. (Cf. the proof of Lemma IF.3| . □ 

F.3 Commutators involving r( ■ ) 

Lemma F.7. Let jo,Joo € C°°{R), j'qJ'^ G Co~(M), < jo, joo < 1, and jo^ + j^ < 1. Let 
f •= (io'Joo) be defined as an operator from \) to f) © f). Let f G 5^"(M^). Then, setting 
Ro{i) = (1 + HQ{i))-^ and R^^{C) = (1 + we obtain 

(/(dr-(A;) - Of (/) - f (/)/(dr(fc) - 0)Ro{0'' 

= V/(dr-(fc) - ■ dt^^{j\ j*]°)^o(0' + 0{t'^), (F.31) 

i?S^(e)3(/(dr-(fc) - e)f (j*) - f (/)/(dr(A;) - 0) 

= i?e'(0'V/(dr-(fc) - ■ df^^a*, jt) + (F.32) 

uniformly in ^ G W . Furthermore, all explicit terms on the r.h.s. of IIP. 31\} and iP. 31\} 
above are bounded and 0{t^^), uniformly in ^ £ M^. 

Remark F.8. Here [k,j^]° is a z^-vector with entries [k^,j*']°, which is itself a 2-vector 
([^i>Jo]°' [^j'ioo]°) with bounded operators as components, obtained through extension by 
continuity of the form [^j, j*] = A;jj* — j^ki densely defined on D{k) x D{k). Recall that by 
Lemma [C.31 we have jo,j^ G C^{ki), for each i. The vector operator [A;, j*]° is bounded 
and 0{t^^) by Lemma IC^ 
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Proof. As in [47] . we define 

f ^="(9) = f (g)Po and dr^(g,p) = df(g,p)Po, (F.33) 

where Po: — )• is the natural restriction to the subspace F ® F^^'^ = F in F^^. (The 
notation f^^ and df'^'' is used only in this proof). After identifying F ® F^^^ with F^ we 
can write 

(/(dr-(A;) - e)f (/) - f (/)/(dr(A:) - i))Ro{if 
Next, we set j := and write, making use of Lemma lB.51 



(F.34) 



[/(dr-(A:)-O,^^0-)](i + iV'=^)"' 

= V/(dr-(A:) - • df-(i, [k,jr){l + iV-)-3 (F.35) 
+ R{f, dr-(A:) - e, + N^"")-''), 

as a form identity on D{Hq^{S^)). Here A^'^^ is the number operator on F'^^. We used 
Lemma IXH the assumption that / e 5^"(M'') and that f^''(i)(l + A^^)-^ belongs to 
C^(dr®^(/c) — ^). To justify this latter property, we note that by Lemma lA.41 

ad2rex(fe)-^r^(j))(l + iV-)-3 = 0(t-l"l), (F.36) 

uniformly in ^, for |q;| < 3 (the expression is in fact ^-independent). Thus we obtain from 
Lemma IB. 51 that 

||p(/,dr-(A.)-^,f-(i)(i + A-)-3)|| 

< E l|ad^re>^(,)_^(f-(j))(l + A-)-3|| = 0(t-2), (F.37) 

a:2<|o|<3 

uniformly in ^. Since (1 + A'^^)^(l + Hq^{^))^^ is bounded uniformly in ^ for any ^ G N, we 
have shown that uniformly in ^ we have 

[/(dr-(A:) - e),f-(i)]P§-(e)=' = V/(dr-(A;) - ^ • df-(j, [k,jY)R^^iO' + 0{t-^), 

(F.38) 

R^^iO'ifidT'^ik) - 0,f^"(j)] = Pe"(0'V/(dr-(A;) - e)df-(i, fej]") + ©(r^). (F.39) 

To check that all the terms on the r.h.s. of the above relations are 0{t^^) uniformly in ^, 
we can assume that sn > 1 and write 

(i?g^)3v/(dr^^(A;))-df-(j,[Ai,jr) 

= (1 + A'=^)(i?g^)3v/(dr^^(A;))(l + A^^^)-i • df^^(j, [k,j]). (F.40) 

For (IF.38P we argue as at the end of the proofs of Lemmata IF. II and IF. 41 inserting / = 
(1 + (dr(A;) — ^)^)~-^(l + (dr(A;) — ^)^) and commuting the second factor onto the resolvent 
on the right to obtain 

V/(dr-(A;) - • df-(j, [k,j])RfriO' (F.41) 

= -v/(dr-(fc) - 0(1 + (dr(fc) - O'r' ■ [d^^(j, IkJT), mk) - O']^o"(0' 
+ v/(dr-(fc) - 0(1 + (dr(A;) - o'r' • dr^(i, [kjDii + (dr(Ai) - 0')^3"(e)'. 

Here (dr(A:) - 0^ = (dr(A:) - • (dr(A;) - 0- Recalling ^iFlSh and that \dif{v)\ < c{r]), 
and making use of Lemma IA.4( we conclude the proof. □ 
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Proposition F.9. Let jo,jco be as specified in Definition \3.1\ and s.t. jg + < 1. Put 
/ = {jljD- h ^ Then, setting Ro{0 = (l + ^o(6)"' and = {l + H--{^))-\ 

we obtain uniformly in ^ gW^ the asymptotic expansions 

(i7-(e)f(/)-f(/)F(e))i?g(e) 

= (_Vfi(e - dr-(A;)) . df (/, [kj^) + df (/, [ui,fr))RliC) + 0{t-^) (F.42) 

and 

R^^iifiH^^iiW) - t{3')H{i)) 

= R'^^{if{-Vm - dr^"(fc)) • df (/, + df (j*, [^,/]°)) + 0(t-2), (F.43) 

and all explicit terms on the r.h.s. of relations {F.42) and {F.43) are bounded and 0{t^^) 
uniformly in ^ . 

Proof. We prove only relation (|F.42p . as the proof of (|F.43|) is analogous. Observe again 
that by Lemma [C.31 we have E C^{k) H C^{uj). The operators [k,j^]° and [w, are 
bounded and 0{t~^) by Lemma |C.4[ See also Remark IF. 81 for a more thorough explanation 
of the notation. 

Lemma IF. 71 gives 

- dr-(fc))f (/) - t{f)n{^ - dT{k)))Ro{0'' 

= _vi^(e - dr-(fc))df (j*, fe,i*]°)i?o(0' + 0{t-^), (F.44) 

and all terms on the r.h.s. above are 0{t~^) uniformly in ^. As for the second term in the 
extended Hamiltonian (|2.25p . we obtain 

(dr-(a;)f (/) - f (/)dr(u;))i2o(0' = df (/, k,/]°)i^o(e)^ (F.45) 

where we made use of Lemma lA.51 It is clear that this expression is 0{t^^) uniformly in ^. 
Finally, we consider the interaction term from Hamiltonian (|2.25p . There holds 

((0(G) l)f (i*) - t{f)ct>{G))Ro{0' (F.46) 
= ((a*((l - i*)G) ® 1 + 1 G*(i^G))f (/) + f (j*)a((j* - l)G))Ro{Cf- 

Since Jq — 1 and are regular propagation observables, this expression is 0{t^'^) (uniformly 
in ^) by Lemma ID. 21 This concludes the proof. □ 

Lemma F.IO. Let jo,joo be as specified in Definition \3.1\ and s.t. jg + < 1. Put 
J* = (io'ioo) • ^ ~^ f) © f)- There holds the relation 

{xiE'^^iO + A)f (/) - f (/)x(^(6 + A)) = 0{t-'), (F.47) 

uniformly in GM'^ and A > 0. 

Proof. This lemma follows from Proposition IF. 91 by the method of almost analytic exten- 
sions. (Cf. the proof of Lemma IF. 3| ). □ 

The following corollary about domain invariance follows directly from Propositions IF.51 
and El 
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Corollary F.ll. Let jo,joo be as specified in Definition \3.1\ and s.t. Jq + j'^ < 1. Suppose 
q G C°°(M), with < g < 1, is bounded with bounded derivatives. Then 

T{q'):DiHiO')^D{H{0), (F.48) 
f(/):Z?(//(0')^D(if-(0), (F.49) 
f (/)* : ^ DiHiO). (F.50) 

We do not believe the third power in the corohary above is optimal. It is however suffi- 
cient for our purpose. A similar result was derived in \45l for localizations in configuration 
space. 



G Auxiliary results for the proof of Proposition 13.31 

Proposition G.l. Let x e C^(IR)r- Let q G C°°{R) be s.t. q' G C^(M) and < q < 1, 
and let b be an admissible and regular propagation observable. Let jo be as specified in 
Definition \3.1\ and s.t. suppjo C A, where A appeared in Definition \D.li Then 

xdr(g*,6)xr(i^) = o(t-i), (G.l) 

x[H{0,dm]xm) = Oit-% (G.2) 

where we set x ■= xiH{(,)). 
Proof. To prove (jG.ip we write 

xdr{q\ b)xrU) = xdTiq\ b)[x, r(j^)] + 0{t-^), (G.3) 

where we exploited regularity of b. The first term on the r.h.s. is of order 0{t~^) by 
Lemma IF.6[ 

To verify (IG.2P , we make use of Proposition IF. 21 which gives 

x[H{0,dr{b)]xrifo) = -xvn{^-dT{k)).dr{[k,br)[x,r{j^)] 

+ xdr(K6]°)[x,r(i*)] + or2), (g.4) 

where we exploited regularity of b. The first two terms on the r.h.s. above are 0{t~'^) by 
admissibility of 6, cf. Definition lD.il and Lemma lF.61 □ 

Proposition G.2. Let q G C°°{R) be s.t. q' e C^{R) and < q < I. Let b be an admissible 
propagation observable andjo,joo be as specified in Definition \3. 11 with Jq + j^ = 1. Then 

x{H{0+)^)<iT{q\b)x{H{0+X) 

= f (/)*x^^(^'=^(0 + A)dr-(g*, 6)x^^(i?^^(e) + A)f (/) + O(t-i), (G.5) 

uniformly m G M*^ and A > 0. 

Proof We set j := /, q := g*, x '■= x{H{C) + A) and x^"^ ■= xiH'^'^iS,) + A). The reader is 
asked to keep in mind that x ™d x^^ depend on both ^ and A. Write 

xdr{q, b)x = for (f (i)x - x'^^f (i))dr(g, b)x + f (jT x'^^f (i)dr((7, b)x. (G.6) 
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The first term on the r.h.s. above is of order 0{t ^) uniformly in ^ and A > by Lemma fF.lOl 
The last term on the r.h.s. of ()G.6p can be rearranged as follows 

f (j)*x^^f (j)dr(g,6)x = f (jrx''Mr-(g,6)f + t{jrx'''dt{jq, [j,b])x 

= f (jrx^Mr-(g, 6)f + 0{t-'), (G.7) 

miiformly in ^ and A > 0. Here we made use of Lemma [A . 5 1 and admissibility of b, cf. Defini- 
tion ID.ll (Note that [j, 6] = jb — bj and b = diag(6, b) is a bounded propagation observable 
on f) © [)). To exchange r(j)x with x'^^^ij) (1G.7P we use again Lemma IF. 101 This 
concludes the proof. □ 

Lemma G.3. Let q G C°°(M)r be s.t q' £ C^(M). Let x e C^Wr- Then 

[l^q\xiH^'\0)]=Oit-'). (G.8) 

Proof. We follow the strategy explained in Remark IE. 51 By setting in Lemma IF. 31 = 
diag(l,l), b = (0,g*), conjugating formula ()F.12p with the unitary U and applying the 
projection Pi on the subspace © J^^^^ C T'^^ we obtain (jG.Sp . □ 



Corollary G.4. Let q,p G C"^(R) be s.t. q',p' G C^(M) andO < q < 1. Let b be an admis 

be supported in (— oo,Sq 



(2) 

sible and regular propagation observable. Let x S C^(M)]r be supported in (— oo, Sq (,^)). 



Then 

xiH^mmq^b) ^p%{H^'HO) = 0{t-'). (G.9) 

Proof. We set q := g*, p = p^ and choose xo G C'o°(M), supported in (— oo,Sq {(,)) and 
s-t. X = XoX- Then, abbreviating x^^^ •= xiH^^\0) making use of the fact that 
X^^\(iT{q,b) (g) 1) = 0(1), we obtain from Lemma fG.SI that 

X^'KdTiq,b)0p)x^'^ =X^'\dTiq,b)0l)x^'\l0p)x'i^ + 0{t-'). (G.IO) 
Thus it suffices to prove ()G.9p with p = 1. We rewrite this expression as a direct integral 

dk x{H{^ -k)+ u{k)) dT{q, b) x{H{i - k) + u;{k)). (G.ll) 

In order to establish that the above expression is 0{t~^), it suffices to argue that 

X{H{C -k)+ Loik)) dr(g, b) xiHiC -k)+ u{k)) = 0{t-'), (G.12) 
uniformly in A; G M*^. 

For k G M'^, define the function Xk{s) ■= xi^ + uj{k)). It is easily seen that Xk S Co°(M) 
is supported in (— oo, Sq^^(^ — k)). Indeed, If s + uj{k) G suppx, then s + uj{k) < Sq^^(,^) < 
E^^\C-k)+u{k). 

Now let jo,joo be as specified in Definition 13.11 s.t. Jq + = 1 and Jq is supported in 
the set A specified in Definition lD.il We set j := j* below. Then, 

Xk{H{C-k))dr{q,b)xk{H{^-k)) 

= tUYxkiH^'^i^ - k)) dr-(g, b) XkiH^^'^ii - k))V{j) + 0{t-') 

= r{jo)xk{H(C - k)) dr{q, b) Xk{H{i - k))T{j^) + O(t-i). (G.13) 

Here in the first step we made use of Proposition IG.2I which in particular ensures that 
the asymptotic expansion above is uniform in A; G M*^. In the second step we applied the 
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decomposition (j2.26p of H^^(S^ — k) and observed that, due to the support property of Xk, 
only the / = term is non-zero. Next, making use of Lemma I A. 51 we get 

r{h)Xk{H{C - k))dT{q, b)xk{H{i - k)) = [r(io), Xk{H{i - k))]dT{q, b)xk{H{i - k)) 

+ Xk{H{^ - k))dT{joq,job)xk{H{^ - k)). 

(G.14) 

This expression is of order 0{t^^), uniformly in k, by Lemma IF. 6 1 and regularity of h. This 
concludes the verification of ()G.12p . and hence we have established the corollary. □ 

Proposition G.5. Let b be an admissible and regular propagation observable. Let x £ 
Cq°(M)ik and JqjJoo be as specified in Definition \3.1\ and s.t. jg = 1. Then 

x[HiO, dr(6)]x = f dr-(6)]x^^f (j*) + o{t-''), (g.is) 

where we set x '■= x{H{i)) and x^^ '■= xiH^^iC))- 
Proof. We set j := and write 

x[H{0,dT{b)]x = m*x'''t{j)[H{0,dT{b)]x + 0(t-2), (G.16) 

where we made use of the fact that, by Proposition IF. 21 [H {^) , dT {b)]x = 0{t~^). Next, we 
will show that 

X^^(f (j)[^(0,dr(6)] - [/?-(0,dr-(6)]f = 0(t-2). (G.17) 
In view of Proposition IF.2( it is enough to check that 

x^^f(j)a,f](c-dr(A:))dr([fe„6]°)x 

= x'^'dMC - dr^^(A:))dr-(fe, 6]°)f (j)x + 0(t-2), (G.18) 

and 

X^^f (j)dr([a;,6]°)x = x^^dr-([^, 6]°)f (j) + 0(t-2). (G.19) 

We prove only (jG.lSp . since the proof of ()G.19P is analogous (and simpler). First, we note 
that, 

x^^f(j)a,o(^-dr(fc))dr([fc„6]°)x 

= x'^'dMC - dr-(fc))f (j)dr([A;„6]°)x + 0(t-'), (G.20) 
where we exploited Lemma lF.71 Next, making use of Lemma lA.51 we obtain 

r{j)dT{[k„br)x = dr-([A:„6]°)f (j)x + f (j, [j, [k,m)x 

= dr-([A;„6]°)f(j)x + 0(t-2), (G.21) 

where we used admissibility of b, cf. Definition ID. II Thus we have justified (jG.lSp . 
To conclude the proof, it suffices to show that 

X^^[^^^(e),dr-(6)](f (i)x - X^^f (i)) = 0(t-2). (G.22) 

This follows from Proposition IF.2I and Lemma IF. 101 □ 
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Lemma G.6. Let x G ^^(R)^ he supported in (—00, Sq (^)). Let be an admissible and 
regular propagation observable. Then 

xiH^'\mH^'\0,dTibo) IMH^'HO) = 0{t-^). (G.23) 

Proof. By conjugating formula (IF.6|) with the unitary [/, setting = diag(l, 1) and b = 
diag(6o7 0), we obtain 

[-H'"^(e),dr^(6)] (G.24) 

V 

= (dr-([^,5]°)- j;9,n(e-dr-(fc))dr-(fe,6]°)) +o(^-2)(/^-(o + l)^ 

as a form identity on D{Hq^(S,)'^). Now we apply the projection Pi on the subspace (E> 
J-'(^) C J-^^ to both sides of this equality and insert both sides between the operators 
^(1) We get 

X«[//«(0,dr(5o)»l]x(') (G.25) 

= x^'^ (-vJ7(e - drW(k)) ■ {dT{[k, boV) 1) + (dr([.;, 60]°) 1)) x^'^ + 0{t-^), 



where we used the higher order domain result in Corollary IE.4I for H^^{S^). In view of 
Lemma lF.31 it suffices to show that 

X«(dr(b,6o]°)€Dl)x(i)=0(t-2) (G.26) 

for any g E C°°(M'^), whose derivatives (of non-zero order) are bounded. This follows from 
Corollarv IG.4I and the fact that t — t- t[g,bQ{t)]° is admissible and regular. This latter fact is 
clear from Definition lD.il □ 



H Auxiliary results for the proof of Proposition 13.4 



Proposition H.l. Let x e Co°°(M)k- Let q e C°°(M) be s.t. q' G C^(M), < q < 1 
and q = 1 on a neighbourhood A of zero. Let jo be as specified in Definition \3.1\ and s.t. 
suppjo C A. Then 

XdT{q\dtq')xr{j'o) = Oit-^) and x[^(0, r(g*)]xrU) = O^'), (H.l) 
where x ■= x{H{^)). 

Proof. We set g := g*, jo := jg and write 

XdT{q,dtq)xr{jo) = xdr{q, dtq)[x,r{jo)] = 0{t-^), (H.2) 

due to the support property of jo, Lemma fF. 6 1 and the fact that xdr(g, Stg) = 0{t^^). 
Proceeding to the proof of the second part of (jH.ip , we write 

x[//(0,r(g)]xr(io) = x[HiC),Tiq)][x,Tijo)]+x[HiC),Tiq)]Tijo)x. (H.3) 

Here we used Corollarv IF . 1 1 1 to justify the formal computation. The first term on the r.h.s. 
above is 0(t~^) by Lemma IF. 61 and Proposition IF. 51 As for the second term, we apply 
Proposition IF. 51 again: 

x[Hio,mnjo)x (H.4) 

= x(-vo(c - dr(A:)) • dTiq, [k, (/]°)r(io) + dviq, [uj, (?]°)r(jo))x + oit-^). 
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We note that dT{q, [uj,q]°)T{jo)x = 0{t-^) and dT{q, [k, q]°)r{jo)x = 0(t"^), since 1 - q 
is regular with the regularity region A. See ()D.2p and Lemma ID.3i This concludes the 
proof. □ 

Proposition H.2. Let x e C^(K)m. Let q E C°°(M) be s.t. q' £ C^iM), < q < 1 
and q = 1 on a neighbourhood of zero. Let jo,joo be as specified in Definition \3.1\ and s.t. 
ji+jl = l. Then 

Xdr{q\dtq')x = f (/)*X^Mr-(g*,at(?*)x^^f (/) + 0{t-^), (H.5) 
x[H{0,T{q')]x = f(j*)*x'=-[/7-(e),r-(g*)]x'=^f (/) +0(t-2), (H.6) 

where x ■= x{HiO) ^i^d x""" ■= xiH^'^iO)- 

Proof. As for (jH.Sp . it follows from Proposition IG.2[ Lemma ID. 31 and (jD.2p applied with 
bit) = tdtq^. Proceeding to the proof of formula ()H.6p . we set j := f , q := q^, and note that 

mx[Hio,m]x = x'^'miHio^mu + oit-^) (h.?) 

by Lemma IF. 101 and Proposition IF. 51 Note that Corollary IF. Ill ensures the validity of the 
computation above, as well as those to follow. Next, we will show that 

x'^^miHiOMQ)] - [//^^(e),r^^(g)]f = or'). (h.s) 

By Proposition IF. 5| it suffices to check that 

x^^f (j)vf](c - dr(fe)) • dr(g, [k, qDx 

= x'^VO(C - dr-(A:)) • dr-(g, [A:, g]°)f + 0{t-^) (H.9) 

and 

X<=-f (i)dr(g, [oj, qr)x = X^Mr-(g, [a;, <z]°)f (j)x + ©(t-^). (H.IO) 

We show only (jH.9p . as the proof of (jH.lOp is analogous. Making use of Lemma fF. 71 and of 
the fact that dr{q, [k, q]°)x = 0{t~^), we can write 

X^^f (j)Vf](C - dVik)) ■ dT{q, [k, qDx 

= x'^'ym - dr^"(^)) • f (j)dr(g, [A;, g]°)x + 0{t-'). (H.ll) 

Next, by exploiting the fact that x^^Vf](^ — dr*'^(/c)) is bounded, and that Lemma fA.51 gives 

f (j)dr(g, [A;, qDx = dr-(g, [k, (/]°)f (i)x + 0{t-^), (H.12) 

we conclude the proof of (1H.9P . 
We still have to show that 

^ex[^ex(^)^r-(g)](f (i)x - X'^^f (j)) = 0(^2). (H.13) 

This follows from Lemma IF. 101 and Proposition IF. 51 □ 
Proposition H.S. Let q,q e C°°(M) be s.t. q',q' G C^f (M), 0<q<l, q=lona 

(2) 

neighbourhood of zero. Let x ^ C'o^(I^)r be supported in (—00, Sq (0)- Then 

xW[i?(^)(e),r(g*)®l](l»gV^ = 0r2), (H.14) 

where x^^^ =x{H^^KO)- 
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Proof. Let us set in Proposition IF. 51 in = q, joo = 1 and conjugate equation ()F.23p with the 
unitary U. We obtain, as a form identity on D{Hq^{S^)^), 

[H<^^^),T--{f)] (H.15) 

= - dr^"(Ai)) • dr-(j, [k,jj) + dr-(j, + o{t-'){H^^{0 + 1)', 

where we set j := j*. Let us now apply the projection Pi on T t^) J^^^^ to both sides of this 
equahty. We get, as a form identity on D{H^^\^)'^), 

[H^'HOMq) » 1] = -Vf^(e - dr«(A;)) • {dT{q, » 1) 

+ (dr(g, [a;, (?]°) 1) + 0(t-2)(F«(0 + 1)3, (H.16) 

where we abbreviated q '■= and made use of relation ()A.9p . Thus we can write 

X^'Hh^'HOMq) » ® q)x^'^ = -X^'^^m - drW(k)) ■ {dT{q, [k,qr) » g)x(^) 

+ x^') (dr(g, [a;, qD q)x^''^ + 0{t-^), (H.17) 

where we set q := g*. Here we used Corollary IE.41 with n = 3. Let us consider the first 
term on the r.h.s. above. We choose a function x G C'o°(I^)m) supported in (— oo,Sq (^)) 
and s.t. XX = X- Then we get 

(1 ® q)x^'^ = glx^') + or') (H.18) 

by Lemma IG. 31 Next, we note that 

{dT{q, [k, qY) = X^'H^^iq, [k, qT) ® m^'^ + 0{t-^). (H.19) 

Here we made use of Lemma IF .31 (after conjugating expression ()F.12p with U and applying 
Pi as above) and of the fact that t — )■ t[k,q]° is an admissible and regular propagation ob- 
servable. This is a consequence of the fact that 1 — g is admissible and regular by Lemma [D.31 
Thus making use of the fact that x^^^^^i^ - dT^^\k)) is bounded and 

x^'^vnic - dvw^k)) • (dr(g, [A:, ^ i) = o{t-'), (H.20) 

we obtain 

x'^'^VniC - dVW^k)) • (dr(g, [A:, qf) g)x(') 

= x^'^VniC - dr«(A:)) • x^'HdT{q, [k, g]°) l)x(')(l g)x(i) + 0(t-2). (H.21) 

Exploiting again the fact that t — )■ t[k,q]° is admissible and regular, we obtain from Corol- 
lary [G3]that the first term on the r.h.s. above is 0(t~^). The term involving dr(q, [a;,g]°) 
on the r.h.s. of ()H.17p is treated analogously. □ 

I Auxiliary results for the proof of Propositions 14.11 and 14.21 

Proposition I.l. Let x G C'^(K)r and let q G C°°(M)m be s.t. q' G C^(M). Then 

xWi[if«(6, 1 ^ q']x^'^ = Ix^'^Cil ® {q'Y)x^'^ + Oit-% (LI) 

where x'^^^ := x{H^^HO) andC is a bounded operator on F®F'^^'> , which satisfies [C, = 
O(r^) for any p G C~(R)k s.t. p' G C^(R). 
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//, in addition, q' is positive and G C^(M), then 

= ^(1 » ^/W)x^^'^-AH^'\i). 1 ® ® VW) + 0{t-^). (1.2) 

Proof. We write q ■= and set in Proposition IF.2I 6i = and 62 = Clearly, 62 is 
admissible. By conjugating formula ()F.6P with the unitary [/, we obtain 

[F-(0,dr(5)] 

= -Vfi(e - dr^^(A:)) • dr*^^(fe 6]°) + dr^([a;, &]°) + O{t-^){H^''{0 + l)^ (1.3) 

form identity on D{Hq^($^) ). 
Now we apply to both sides of this equality the projection Pi on the subspace C 
and multiply by the operators x''^^- We get 

x«i[//«(0,i^g]x(') 

= x^'H-Vf^(^ - dr«(A;)) • (1 ® i[A:,g]°) + 1 ® i[w,g]°)x^'^ + 0{t-^). (1.4) 
Here we used Corollary IE. 41 with n = 4. Now we obtain from Lemma IC.4( that 

\[k, q]° = h[k, a]°g' + 0(t-2) and q]° = h[uo, a]°q' + 0{t~^), (1.5) 

where i[A;, a]° = v and i[(x>, a]° = Vw • v. Thus we get from relation (jL4j) that 

x«i[i^«(e),i(»g]x(') 

= \x^^^ (- VJ1(C - dr(i) (fc)) ■ {l®v) + l®Vuj ■v){l® q')x^^^ + 0{t-^). (1.6) 

We choose x ^ ^(^"(M)^ s.t. XX = X and set 

C := x^^) (- VJ7(e - dr(i) (A:)) • (1 ® u) + 1 Vw • 7;) . (1.7) 

It is clear that C is bounded. The property [C, 1 p''] = 0{t^^) follows from Lemmas IC.41 
IF. II and IG.3I This concludes the proof of the first part of the proposition. 
Proceeding to the proof of (jL2]) , we note that by Lemma IC.4I 

[v,^] = 0{t-^) and [VuJ■v,^/^] = 0{t'^). (L8) 

There also holds by Lemma IF.II (after conjugating it with U and applying the projection 
Pi) 

X«[VO(C - dr«(A;)), 1 » = 0{t-'). (L9) 

On the other hand, Lemma lG.31 gives [1 Vq',X^^^] = 0{t-^). Observing that 

i[H^^\0, 1 «> a]° = - dr(^)(A:)) ■ v) + 1 0Vuj ■ v, (LIO) 

we conclude p.2p by symmetrizing p.6p . with the aid of p.SP and (jL9]). □ 

Lemma 1.2. Let ai := ^{vi{k) ■ iV^ + iV^ • Vi{k)) for some Vi G C^(M^\{0}; M'^), for 
i G {1,2}. Let a = diag(ai,a2) be an operator on (a domain in) f) © f). Then i^i(C) is of 
class C^(dr(a)) and 

[Hi{0,dT{a)]° G B{D{NHifl{i))-n) C B{D{Hifl{if)-n) (Lll) 

In particular x{Hi{C)) G C^{dT{a)), for any x G C(f (M)m. 
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Proof. From [471 Prop. 2.8], and a conjugation by the unitary U, we learn that is of 

class C^(dr(a)). We furthermore find that 

i[ifi(0, dr(a)]° = dr(?; • Vw) - dr{v) • Vn{C - dr{k)) - (p{miG, 0), (1.12) 

where v := diag(vi,V2) is a i^-tuple of operators on f) © f) and the expression on the r.h.s. 
above is manifestly A^-ffi,o(0"bounded. The remaining part of the lemma follows analogously 
as in the proof of Lemma IF. 31 □ 

Lemma 1.3. Let x G C^(M)r, q E C^(M), q G C~(M) be s.t. q' € C^(M), < q < 1 
and q = 1 in some neighbourhood of zero. Let t b{t) = {a/t)q{a/t). Let = and 
b{t) = {b{t),b{t)) be propagation observables on f) © f). Then 

mq\b),x{H^m=0{t-'). (1.13) 

Proof. We set q := g* and Rifi = (1 + ffo,i(0)~^- We note that b is admissible by 
Lemma IC.4[ Let us first estimate the commutator of dr(g*,6) with Hi{S^). As for the 
first term from the free auxiliary Hamiltonian, cf. (|E.19p . Lemma IF . 1 1 gives 

m - dTik)),dT{q,b)]Rl, = O(t-i). (L14) 

Concerning the second term from the Hamiltonian, we obtain from Lemma lA.21 

[dr(u;), dT{q,b)]Rl, = (dr(g, [a;, 6) + dT{q, [ui,br))R% = 0{t-^). (L15) 

The interaction term from the Hamiltonian gives 

[<A(G,0),dr(g,6)]i?to = («*((! - q)G,Q)dT{q,b) - a*{bG,Q)T{q) 

+ T{q)a{b*G,Q)+dV{q,b)a{{q - l)G,Q))R% = 0{t-'), (L16) 

where we made use of Lemma [A. II In the last step we exploited the fact that ||(1 — g)G||2 < 
C/t^, since 1 — g is regular, and the bound ||6G||2 = j||gaG||2 < c/t, which follows from the 
fact that G is in the domain of a. Thus we have shown that 

[HiiO,dTiq,b)]Rlo = 0{t-^). (L17) 

Now one concludes the proof using the method of almost analytic extensions as in the proof 
of Lemma IF. 31 □ 

J Auxiliary results for the proof of Theorem 15.31 

In the present appendix we ask the reader to keep Corollary IF . 11 1 in mind. It ensures that 
the statements of results and manipulations in proofs are meaningful. 

Lemma J.l. Let x £ Co°(IK)r, jo,joo be as specified in Definition \3.1\ and s.t. jg + = 1, 
and let q = (qo^q^) := Then 

^ex(^ex(^)f (^t) - r{q')H{0)x = 2x^^[^^^(0,r^"(j*)]f + 0{t~^), (j.i) 

where := diag(jo,j^) is a propagation observable on P) © f) and we set x '■= x{H{C)) and 
X'^ := 
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Proof. We set q := g*, j := f. We note that, by Proposition IF.91 

y.--{H--{S)t{q)-f{q)H{i))x 

= x'=^(-VJ7(e - dr-(A;)) • df(g, % + dt{q, [u;, qY))x + 0{r^), (J.2) 

where [w, q\° is the extension by continuity of the form LO_q — qu, a priori defined on {D{oj) © 
D[uj)) X D(u}). The same remark goes for [A:, On the other hand, Proposition IF.5I gives 

^ex[^ex(^)^r-(j)]f(j)x 

= x^^( - V17(e - dr-(fe)) • dr-(j, [k,jr) + dr-(j, [a;, j]°))f (j)x + 0{t-^), (J.3) 

where we made use of Lemma iF.lOl to observe r(j)x = X^^^U) + 0{t^^). 

In view of ()J.2p and p.3P , to complete the proof of the lemma, it suffices to show that 



x^^vf)(c-dr-(fc)).df(g,[Ai,g]°)x 

= 2x<=^V0(^ - dr-(A:)) • dr-(j, [k,jj)t{j)x + 0{t~^) (J.4) 

and 

x'^Mf (g, [^,g]°)x = 2x^Mr-(i, [a;, i]°)f (j)x + Olt"')- (J-S) 

Both relations are a consequence of the following fact: Let g G C°°(M) be s.t. all its 
derivatives of non-zero order are bounded. Let g := dia.g{g,g) be the corresponding operator 
on f) © f}. Then 

2dr-(j, bJ]°)f (i)x = df (jj,2[5,j]°i)x = df (g, [5,<Z]°)X - df (g, [[9, j]°,j])x 

= df(g,[5,g]°)x + 0(i-2), (J.6) 

where in the last step we made use of Lemma IC.4I This concludes the proof. □ 
Lemma J.2. Let x G Cg°(M)iR and let jq he as specified in Definition \3.1\ Then there holds 

x[r(j*),[i/(e),r(j*)]]x = or2), (J.7) 

where we set x := x{H{i))- 

Proof. We set jo := Jq and recall that, by Proposition IF. 51 

mojik)] (J.8) 

= - dT{k)) ■ dr(jo, %j^r) + dr(jo, [a;,io]°)) + O(t-2)(^i,o(6 + 1)', 

in the sense of forms on o(0^)- view of this relation and the fact that r(jo)x = 

xr(jo) + 0{t-^) (LemmaEH), it is enough to check that 

x[r(io), vfi(e - dr(A:)) • dr(jo, [fc, jo]°)]x = 0{t-^) (J.9) 

and 

x[r(jo),dr(jo, [c^,jo]°)]x = 0{t-^). (j.io) 

Relation (jJ.lOp follows immediately from formula (jA.Sp which gives 

x[r(io),dr(jo, [a;,io]°)]x = xdr(jo', [io, [^,io]1)x = o{t-^), (J.ll) 
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where in the last step we applied Lemma |C.4[ Formula ()J.9P follows from 

[r(jo),dr(jo, [k,jor)]x = 0{t-^), (J.12) 

which is justified as (jj.lip . from the fact that dr(jo, [k,jo]°)x = 0{t~^) and from Lemma rF.4l 
which gives 

x[T{jo), VQ(e - dr(fc))] = O(t-i). (J.13) 
This concludes the proof. □ 

K Negative spectrum of the conjugate operator 

Lemma K.l. Let x £ C'o°(K)r o,nd ^ £ -D(dr(a)). There exists a constant c > such 
that the following holds true: For any pair of functions q,qR G C°°(M), with < q,qii < 1, 
suppg C (— oo,e) for some e > 0, q{s) = qR^s) for s > —R and qR{s) = for s < —R — 1; 
we have 

sup ||(r(g*) - r{q'^))e--^'^(O^^H{0)n < I- (K.l) 
t>l -K 

Proof. Let us denote by 1{a<-h} the spectral projection of a self-adjoint operator A on the 
interval (— oo, —R\. We set q := q^ and qR := and recall that ^ G D(dr(a)). As a con- 
sequence e D{dr{a)) for any x e C'^j"(IK)M, since H{^) is of class C\dT{a)) [471 
Proposition 2.5]. 

Making use of the subsequent Lemma lK.21 and abbreviating x = x{H{C)), we obtain 

||(r(g(a/t))-rfe(a/t)))e-'*^(«)x*|| 

= \\Mdr(a/t)<-R+eN}ir{q) - T {q r)) e-'''' x"^ \\ 
= \\Mdr{a/t)<-R+eN}UN<R}{Tiq) " r(g,j)) e'^^^^^x^ || 
+ ||l{dr{a/t)<~fl+.iv}l{iv>i?}(r(g) -r((?fl))e-"^(«)x*||. (K.2) 

The first term on the r.h.s. above can be estimated by 
||l{dr(aA)<-«(i-e)}(r(g)-r(g«))e-^*^«)x*|| 

= ||i{dr(a/t)<-fi(i-.)}dr(aA)-i(r(g) -r(<?B))dr(a/t)e-**^«)x^|| 

< 7 ^TTT 1 1 e'*^^^^ dr(a)e-'*^(«) 1 1 • (K.3) 

(1 — E)Rt 

To estimate the expression on the r.h.s. of (|K.3p . we proceed similarly as in the proof of 
[25| Lemma 44] : 

||e'*^(«)dr(a)e-"^(«)x^|| < || T dr(a)]°e-"'^(«)x*|| + ||dr(a)x^|| 

Jo 

< tc ll^ll + ||dr(a)x^'||, (K.4) 

where we made use of the fact that c' := || [//(.^), dr(a)]°x|| < oo, by Lemma [L2l Thus we 
obtain that 

U{dr(a/t)<-R(i-e)} i^iq) - r(gfi))e-"^«)x^ll < ^ll^ll + ^||dr(a)x^||, (K.5) 
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where the constant c" does not depend on the choice of t, q and qr. As for the second term 
on the r.h.s. of ()K.2p . it is bounded by 

c'" 

2||l{7V>i?}X^II <2||l{;v>ij}(l + A^)"'llll(l + A^)x^ll < ^11*11, (K.6) 

where c'" := 2\\{N + l)x{H{^))\\ < oo. Altogether, we get that 

||(r(<z(a/t)) -r(<z^(a/t)))e-'*^«)x^|| < |||*|| + -^||dr(a)x^||, (K.7) 

where c is independent of t, q and qR. This concludes the proof. □ 

Lemma K.2. Let q,qR £ C°°(M) be s.t. < q,qR < 1, suppg C (— oo,e) for some e > 0, 
q{s) = qR^s) for s > —R and qR{s) = for s < —R — 1. Then, for ^ ^H, 

{T{q{a/t)) - T{qR{a/t))) ^ = l{dr{a/t)<-il+.iV} (r(g(aA)) - T{qR{a/t))) ^. (K.8) 

Proof. As all the operators involved commute with the number operator, it is enough to 
consider the problem in some n-particle subspace. We embed into the non-symmetrized 
tensor product of single-particle spaces f)®". We note that a®l®---®l,l®a®l®---® 
l,...,l(8)---(8)l(8)ais a family of n commuting operators on f)®"'. We denote their joint 
spectral projection- valued measure by F. Thus the n-particle component of the vector on 
the l.h.s. of (IK.8j) is a sum of terms of the form 

j q{ai/t) . . . q{ai_i/t){q{ai/t) - qR{ai/t))qR{ai+i/t) . . . qR{an/t)dF{a)^n, (K.9) 

where is the n-particle component of Now, by the assumed properties of q and qR, 
we obtain that the above expression is equal to 

j 1 {{ai/t + ■■■ + On/t) <-R + en) 

X q{ai/t) . . . q{ai-i/t){q{ai/t) - qR{ai/t))qR{ai+i/t) . . . qR{an/t)dF{a)^n- (K.IO) 

This proves (jK.SP on f}*^". Since both sides of (jK.SP leave invariant, this completes the 
proof. □ 

L Structure of the isolated spectrum 

We begin by recalling some analytic perturbation theory for isolated eigenvalues following 
Kato. Suppose that D C C is an open set which intersects with the real line and D 3 
K — )• T(k) is a holomorphic family of Type A in the sense of Kato. We assume that T(k) 
is a self-adjoint operator when k £ D CiM. Suppose Aq £ K is an isolated eigenvalue of the 
self-adjoint operator T{kq), with kq S MH-D. Denote by no its multiplicity, which we assume 
to be finite. Let e > be such that cr(T(Ko)) n J2e = {Ao}, where Jg := [Aq — e, Aq + e]. 

Abbreviate ae{K) := (t[T[k)) ni?e(Ao)- There exists r > such that Brino) C D and for 
all K G Br{KQ) we have (T2e(K) = o"e(K). Such an r exists because the set {(k, A)|A G a{T{K))} 
is a closed subset of D x C. 

Denote by C the circle in C encircling Aq with radius 3e/2. Then <Te(K) is enclosed by 
the circle for all k € Br{KQ), and accounts for all the spectrum of T{k) inside (or on) the 
circle. We can thus compute the Riesz projection: 

If 1 

P(k) = (b dz ^, , . 

^ ' 2TTiJc z-T{k) 
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For real k the bounded operator P{k) is the spectral projection onto the spectral subspace 
pertaining to the spectrum of T(k) inside the cluster ae{K). In particular P{ko) = Pxq{kq), 
the orthogonal projection onto the no-dimensional eigenspace of T{ko), pertaining to the 
eigenvalue Aq- Due to norm-continuity of k — )■ P{k) we conclude that the set ae^n) has 
cardinality at most no, corresponding to eigenvalues with (algebraic) multiplicities summing 
up to no- 

Denote by Vi,...,v^^^ an ONB for the range of Pao('^o)- Then, possibly choosing r 
smaller, we may assume that Vj{K) = P{K)Vj forms a linearly independent analytic set of 
vectors spanning Ran(P(K)). Using the Gram-Schmidt procedure we can pass to an analytic 
ONB ui{k),... for Ran(P(K)). Such a basis defines an analytic family of unitary 

maps n^: Ran(P(K)) — )• C""^, defining Ylf^^Uj^K)) = Cj, the j'th standard basis vector. We 
can now construct an analytic family of no x no matrices A{k) = Ilt^T{K)Il^. By construction 
A{k) is self-adjoint for k G Br{Ko) fl M and a{A{K)) = ae{K). 

By a result of Kato |4H Theorem 6.1], we can identify a number mo < no of real analytic 
functions : Bri^Ko) n M — R, such that <Te(K) = . . . ,/imo('^)}- They all coincide 

with Xq if K = kq and are otherwise distinct. 

The above discussion implies the following result on analytic continuation of shells 
through crossings. 

Proposition L.l. Let Xi he a level crossing, which is a sphere of radius R > 0. Let 
(^~,/S'~), m €z and {An,S^), n G be shells approaching this crossing from the inside 
and outside, respectively. Then, (after suitable identification of the index sets J± =: J) one 
can find analytic functions 

A+UXiUA-3^^Sn{0, (L-1) 

such that SniO = ^tiOt C ^ -^n- 

Proof. Put T{k) = H{k, 0, . . . , 0), where we exploit the rotation invariance of the spectrum 
to conclude the proposition from the preceding discussion. □ 

Let A{r; R) := G R'^ I < ICI < P} ^oi some < r < i? < oo. Keeping in mind the 
possibility that the inner or outer boundary of a shell is a subset of the essential spectrum, 
we obtain from the above proposition that Siso\({0} x M) is a union of graphs of an at most 
countable family of rotation invariant analytic functions 

A{rn;Rn)B^^ SniO, (L.2) 

where n G J. (The zero total momentum fiber has been cut out since one may in principle 
have shells like graphs of the two functions ^ — t- (^ it ^o)^ crossing analytically at ^ = 
but not naturally occurring as a single-valued rotation invariant function.) These consider- 
ations enable a splitting of the isolated bound states Tiiso = E{^iso)T~i into dressed particle 
subspaces: 



^iso — ^iso,n, 

where Tiiso,n = ^iso,n, (L.3) 

n 

?^iso,n = {/£lp y (ie^5|^GC0(^(r„;P„);^), i7(0*5 = 5„(e)^'g}, (L.4) 

where by G Co(^(rn; Rn)',^) it is understood that ^ — G is a continuous function, 
compactly supported in ^(r„; Rn). 

After this preparation we state and prove the following corollary of Proposition IL.lt 
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Corollary L.2. Let uj be the boson dispersion relation. Then 

S^^'\^-k):=Sni^-k)+u;ik), (L.5) 
defined for k £ — ^(r„; Rn), is a constant function at most for ^ from some countable set. 
Proof. Let us first assume that uj is not a constant function. Suppose that 

^-A{rrr;Rn)3k^S^P{^;k) (L.6) 

is constant for ^ = and ^ = ■^o + ^' for some k' / 0. (For i/ > 1 it is enough to assume 
that there is one such k' to arrive at a contradiction. For = 1 we assume that there are 
uncountably many). Then 

/C G Co - -^{rn] Rn) ■■ SniCo - k) + Uj{k) = Cg^ , 

k£iQ + k' - A{rn] Rn) ■ SniCo - k + k') + io{k) = Ci^^^+k'- 

But the latter condition means that k — k' £ ^q — Rn), so we can substitute it into the 
first equality, obtaining the equations 

u^c^W A( n \ Sni^o - k + k') + uj{k - k') = c^^, 

•Snl^o -k + k)+ uj[k) = c^o+fc'. 

Consequently, 

uj{k) - uj{k - k') = c^o+fc/ - c^Q. (L.9) 

Since this equality holds on an open set, it extends to all k G M'^ by analyticity. Now let 
us assume that u > 1. Then, making use of rotation invariance of uj, we obtain for any 

o G OH 

uj{k) - uj{k - Ok') = cgo+fc' - c^Q. (L.IO) 

By differentiating this relation w.r.t. one-parameter families of rotations, we obtain Vw(fe) • 
Lk' = 0, for any element L of the Lie algebra of the group of rotations. Recalling that 
such L are antisymmetric matrices and choosing coordinates so that k' = (c, 0, . . . ,0), we 
obtain that diUj{k) = for all 2 < i < z^. By rotation invariance, this is only possible if uj is 
constant, which is a contradiction. 

Let us now go back to formula ()L.9p and assume that v = 1. By differentiating this 
relation w.r.t. k, we obtain that 

Vuj{k) = Vuj{k-k') (L.ll) 

i.e. Vcj is a continuous function which has uncountably many periods k' . But this is only 
possible if Vcj is a constant function [9]. This implies that a; (A;) = cik + 02- We note 
that ci = by reflection invariance. Thus we obtain again that uj is a, constant function 
contradicting our assumption. 

Finally, let us suppose that a; is a constant function. Then Sn\i; k) = Sn{i — k) + uj{k) 
can only be constant if Sn is constant. But this is excluded by the following property 

Um (4')(e)-So(0) = 0, (L.12) 

g|— s-oo 

proven in Theorem 2.4], and the fact that for a constant dispersion relation 

S^^Vn = inf (So(e - k)+uj{k)) = inf So(A:) + m = const. (L.13) 

In the above reasoning we made use of Proposition IL.ll to show that any shell {A, S) s.t. S 
is constant extends to a constant shell Sn on ^(0,oo). □ 
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M Structure of the spectrum of the extended Hamiltonian 



For a Borel set O C M x R'' we recall the notion of 0-compatibility from Subsection 12.41 
A state ^ G ^bnd and a boson wave packet /i G f) are called O-compatible if there exists a 
Borel subset S C M'^^^ such that: ^' G E{S)'H and for any k in the essential support of h 
and /u) G S, we have + k, fj, + uj{k)) G O. As shown in Lemma fM. II below, this property 
ensures that the simple tensor \I' (g) a*{h)\0) is an element of E^^\0){nhnd !))• 

Recall that E^^^ denotes the joint spectral resolution for the pair as 
well as the notation Tiiso = E{T,iso)T~i for the subspace of Hhnd, consisting of isolated bound 
states (j2.48p . Finally, we remind the reader of the notation TZ C M'^"^^ for the set of points 
(C,A), with A < i-e. the energy-momentum set below the two-boson threshold. 

For the purpose of this appendix we write C{0) C T^bnd "S* f) for the set of O-compatible 
pairs {^,h). The following lemma characterizes the incoming and outgoing states below the 
two-boson threshold. It is similar to |24t Lemma 30]. 

Lemma M.l. Let O C TZ be an open set. Then 

E^^(^o)w = E{o)n e E^^\o){niso ® ij), (m.i) 



^(^)(0)(^iso® f)) = Span{^«)a*(/i)|0) | {^,h) G C(0)}, (M.2) 
E^^\O){n0l)) C'Hiso'S)^}. (M.3) 

Proof. Let Iq be the characteristic function of O. Making use of the decomposition (j2.26p . 
we compute 

oo 

lo(P^^H^") =10(^,^^)0 (01o(^^'\^^'))). (M.4) 

e=i 
(2) 

Since O is located below the 2-boson threshold Sq , the contributions from asymptotic 
particle sectors, with i > 2, are zero. The range of the O'th summand is E{0)'H and the 
range of the I'st summand is E^^\0){'H f)). We are thus reduced to establishing the 
identity (|M.2p and the inclusion ()M.3p . 

Abbreviate 

V := Span{*«)a*(/i)|0) | (^, /i) G C{0)}. (M.5) 

Clearly, V C "Hiso (8) f}. In order to prove (|M:2D we need to verify E^^\0){n ®\)) = V. 
In the following we will make repeated use of the direct integral representation 

I^^l^{^®a*{h)\Q))= dU dkh{k)^^^k (M.6) 



for simple tensors, with £ Ti and /i G f). This decomposition is the same as the one in 
Subsection [121 cf. (^iMj, dTTT)) and 1^28^. If G 'Hiso,n, cf. (jQl), we can in particular 
compute: 

/Spi?«(O)(^®a*(/i)|0))= / dd dkhik)loiC,H^'\C;k))^^_k 



= dU dkh{k)loiC,SniC-k)+uj{k))^^^k- (M.7) 

If and h are O-compatible we see that for k G supp/i and such that ^^-fc 7^ 0, we 
must have Sn{C — k) + uj{k)) G O and hence, by ()L.3P and a density argument, we have 
established that V C E^^\0){n ® f}). 
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We proceed to show that E^^^ {0){T-L C Hiso f)- For this it suffices to argue that for 
any Borel set U C {(C, A) | A > ^^q\0} and state ip = ^(i)(0)(^' a*{h)\0)), with ^ e 7^ 
and h £ t), we must have {E{U) <^ 1)99 = 0. For this we compute 

{E{U) ® l)ip = {E{U) ® 1)/['lp j dij dkh{k)lo{i,H^^\i-k))^^^u 

= 1^11] d^j dkh{k)lu{i-k,H{i-k))lo{i,H{^-k)+uj{k))^^_t. (M.8) 

For a point — k^ii) to be in U we must have /i > Sq^^(^ — k). Hence, /u + ijj{k) > 

Sq^^(^ — k) +uj(k) > Tj^'^^{^). Conversely, for a point fi + uj{k)) to be in O, we must have 
IJ, + oj{k) < Since these two situations cannot occur simultaneously we conclude 

that luii - k, - k))lo{^, H{i - k) + uj{k)) = 0. This concludes the proof of^dHSI)- 

Consider a state of the form x(.P^^K H'^^^){^ a*(/i)|0)), x e C^(.0)r, ^' G -Hiso,n, and 
h £ [} with compact essential support. To conclude the proof it suffices to show that such 
states can be approximated by elements from V. Note that by ()L.3p . the spectral theorem, 
and the inclusion E'^^\0){7i fl) C T^iso ® fl just proved: any state in E^^\0)(n (g) f)) can 
be approximated using states of the considered form. 

Put r := (i(supp x, > 0. Let e > be given. We may assume 2e < r. Using that 

X is uniformly continuous we get a 5' , such that |x(^'; m') ~x{i" ■, — ^1 (^'j A^')) (Cj m") 
with 1^' — < 5' and — < 5'. We may take 5' < e. Let i? > be so large that 
supp/i <Z {k £ My I < R}. Using that cj is also uniformly continuous on the ball of radius 
iZ, we get a < (5 < 5' such that \u{k') - uj{k")\ <5' \i\k' - k"\ < 5. 

Cover -B_r(0) with finitely many pairwise disjoint Borel sets such that B/i C B^iki), 
£ = 1, . . . , L, for some collection of momenta ki, . . . ,kL. Write 

^LpX(^^'^^^'^)(^®«*W|0»=y d^J dkhik)xi^,Sn{C-k)+u;ik))^^_k 

= E/ dkh{k)lB,{h)x{i,Sn{i-k)+u{k))^^_k. (M.9) 

For k G Bs{ki) we have |x(C; 'S'n(C ~ ^) +<^(A;)) — x('? — k + ke; — /c) +ci;(A;£))| < e. Define 

V'^ := ixdP, H)^) ® a*(lB,/i)|0), (M.IO) 

with XiiCA) ■= xiC + keA + ^ih))- Then := suppx<? = suppx- {ki,uj{ki>)). Note that 
i^^ n S C Siso, and hence; ipe, G ?^iso (8) f). 
Estimate 

^lW^- /"^^e P dkh{k)lB,{k)x{i,Sn{i-k)+Uj{k))^^^k\\ 

di j dk lB,{k)\h{k)\^\xt{i - hSnii - k)) - x{i,Sn{i -k)+ Uj{k)f\\^^.kf 

<e2||^'f / dklB^{k)\h{k)\^. (M.ll) 



Due to the fact that B^ n B^i = 0, summing up over I yields 

L 



\x{p^^\H^^^){^®a*{hm)-Y,M\<4mn- (M.12) 

1=1 
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It remains to verify that xeiP^H)^ and are O-compatible, such that we in fact 

have ipi S V. Let k £ Bi C Bj{ke) and (C,^) G K^. Then 

+ A;, ^ + a;(/c)) = + A;<?, /i + ^^(/i;^)) + (/c - /c^, a;(A;) - uj{ke)) 

£ SUPPX + {k - ki,uj{k) - uj{ki)). (M.13) 

By the choice of 5 we conclude that \{k — ki,uj{k) — uj{k^))\ < e < r and hence we have 
+ + oj{k)) G O. This means that XiiPj and are O-compatible, which 

concludes the proof. □ 

Lemma M.2. Let 

:= {(e, A) G M-^+i I A G app(FW(e))}. (M.14) 

T/ien £;(i)(sf,p^ nf^^)) = 0, hence the set {C G W \ app{H(^\C)) r\ £^'^\0 / 0} has zero 
Lebesgue measure. 

Proof. Let us consider a vector ^ G i^''-"'^-'(0)(?^(X>J-"(^^), where O C £^^^ is some Borel subset. 
Let lo be the characteristic function of O. Then, making use of the expansion ()2.26p . we 
can write 

* = ^LPy d^J dklo{C,H^'H(;k))^^_k. (M.15) 

Now suppose that ^' G ^J^^^^pp )('^ -^^^^)- We note that sJ,p^(C) n can be at most 

countable due to the separability of J^® J^'^^K Then, by [5il Theoreme 21], Spp n £^^^ is a 
countable union of graphs of Borel functions from Borel subsets of to M. Thus, without 
loss of generality, we can assume that there exists a Borel function p: — J- M, defined on a 
Borel set N, s.t. ^' G 1n{P^^^){'H O and 

H^^)^^) = p(pW)yir. (M.16) 

Suppose, by contradiction, that ^' / and satisfies ()M.16p . Since Iq is supported below 
the two-boson threshold, it is easy to see that 

^^GS^((-oo,4')(e)))-F, (M.17) 

where E^^ is the spectral measure of H{^). Consequently, ^ G Tiiso f). Hence, there exists 
a shell (^, S) in Sjso s.t. 

M'':=(lg^(P,F) 1)^1/^0, (M.18) 

where Gs is the graph of S. Since Ig^ (P, H) ® 1 commutes with H^^^ , P^^^ , we obtain that 
also satisfies (IM.lGj) . Thus we obtain 

y"(fA;(5(e-A:)+a;(A:)-p(e))'||*^_fcf = 0. (M.19) 

Hence the set of ^ for which 

j dk{S{i-k)+u:{k)-p{e)fW^-kf^^ (M.20) 

has zero Lebesgue measure. Conversely, the set of E, for which the real analytic function 
k — )• — k) + u;{k) is constant also has zero Lebesgue measure by Corollarv IL.2I Since 
k — has essential support of positive Lebesgue measure, we conclude that the above 
integral can only vanish for a set of ^'s having zero Lebesgue measure. This is a contradiction, 
which concludes the proof. □ 
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